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B nocobun B kpatkod (opMe paccMOTPEHBI OCHOBHBIE OIpeesie-
HUS U TIOHATHSA TEOpUM rpadoB, HEOOXOAUMBIE Ul PEILEHUS HEKOTOPBIX
NPUKIAJHBIX 3a7[a4 JUCKPETHON MaTeMaTHKH. Kaxxaas TeMa Colep T Teo-
pETHYECKUE CBEIEHHS, KOTOPBIC JUIA HATJIAAHOCTH HJLUTIOCTPHUPYIOTCS PH-
CYHKaMH ¥ Ta0muiamMu. JlaHsl mpUMephl pellieHus TUTIOBEIX 3a1ad. [locobue
COCTaBJICHO C y4€TOM TpeOOBaHWI TOCYNApCTBEHHOTO 00pa30BaTEIEHOTO
CTaHaapra, B HEM Ha JOCTYITHOM YPOBHE H3JI0KEHbI OCHOBOIOJATAIOIIHE
BOMPOCHI Teopun rpad)oB, BXOAAIINE B yueOHYIO MIPOrpaMMy IO AUCIHMILIN-
He «JIuckpeTHast MaTeMaTHKay.
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14. Haitnure maTpuibsl (yHAAMEHTAIBHBIX LUKIIOB,
(yHIaMEHTaJIbHBIX pa3pe3oB, paauyc U AUAMETp, MU-
HUMaJIbHOE MHO>KECTBO INOKPBIBAIOIIMX Lienel rpada

G. SBnsercs nu U300paKeHHBIM Tpad 3ilepoBbIM?
SBnsieTcst 1 u300pakeHHBIN rpad MIaHapHbIM?

13.4.

14.1.

14.2.
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BBenenue

PononavanpaukoM Teopunm rpadoB MPHUHATO
cuutaTh Marematuka Jleonapna Dunepa (1707-1783).
Hcroprio BO3HUKHOBEHUS! 3TOM TEOPUU MOKHO IPO-
CJIEIUTh TIO MEPENUCKe BEIMKOro yueHoro. Bot nepe-
BOJ JIATUHCKOTO TEKCTa, KOTOPBIA B3AT M3 MHCbMa
Diinepa K UTAIBIHCKOMY MaTEMaTUKy U HHXKEHEPY
Mapunonu, otnpasiennoro u3 IlerepOypra 13 mapra
1736 roma: «Hekorna MHE OblIa TpeiioKeHa 3ajada
00 ocTpoBe, pacnosioxeHHoM B roponae KenurcOepre
U OKPYXKEHHOM pEKOH, 4epe3 KOTOPYIO MEPEKHMHYTO
ceMb MOCTOB. CrpalinBaercsi, MOXKET JIM KTO-HUOYb
HEIMPEPHIBHO OOOWUTH MX, MPOXOMS TOJIBKO OIHAXKIBI
yepe3 Kaxabld MocT. U TyT e MHe ObuIo COOOIIEHO,
YTO HUKTO €II€ JI0 CHX MOP HE MOT 3TO MPOJeaTh, HO
HUKTO M HE J0Ka3aj, YTO ATO HEBO3MOXHO... [locne
JIOJITUX Pa3MBILIUICHUH s HAIIel JIETKOe MPaBHIIO, OC-
HOBaHHOE Ha BIOJIHE YOEIUTEIbHOM JI0KAa3aTEeIbCTRBE,
C TIOMOIIBIO KOTOPOTO MOKHO BO BCEX 3aJlayax TaKOTO
poJia TOTYAC K€ OMPEAEIUTh, MOXKET JIU ObITh COBEP-
IIeH Takol 00X0J Yepe3 Kakoe YroJIHO YMCIO U Kak
YTOJHO PACTIOJIOKEHHBIX MOCTOB WJIM HE MOXKeT». Ke-
HUTCOEPICKUE KE MOCTBI PACMOJOKEHBI TaK, YTO UX
MOXHO IPEJICTaBUTh B BUJIE CXEMBI (CMOTpH puc. 1).

Ilo moBoxy OOHapyXE€HHOro MM crocobda pe-
maTh 3a7a4d MoJo0HOTO poja Diiep mucar: «3ITO
pelIeHre Mo CBOEMY XapaKkTepy, MNO-BUAUMOMY, UMEET
Maji0 OTHOIICHUS K MaTeMaTHKE, U MHE HEIOHSATHO,



IIOYEMY CJIEAYET CKOpPEE OT MAaTEMATHKA OXKUIATh 3TO-
ro peuIeHus, HeXeIU OT KaKoro-HuOyAb APYroro 4e-
JoBeKa, MO0 3TO penieHue MOAKPEIUISIETCS OAHUM
TOJIBKO PaCCyXJCHHEM, U HET HEOOXOAMMOCTH MpHU-
BJIEKATh JIJISl HAXOXK/IEHUS 3TOTO pElIeHUs] Kakue-11u0o
3aKOHbI, CBOICTBEHHbIE Marematuke. HMrak, s He
3HAI0, KaKUM O0pa3oM TMOJIy4aeTcsi, YTO BOIPOCHI,
VMMEIOIINE COBCEM Maj0 OTHOLICHUS K MaTeMaTHKE,
CKOpe€e pa3peliaeTcss MaTeMaTUKaMU, YeM JAPYTUMMI.
Taxk moxxHo J ob6okitn KenurcOeprckue moc-
ThI, POXOJS TOJIBKO OJIMH Pa3 4epe3 KaKIbI U3 ITUX
MOCTOB? YTOOBI HAWTH OTBET, MPOAOKHUM IMHUCHMO
Ditniepa kK Mapunonu: «Borpoc cocTouT B TOM, YTOObI
ONPEJEIUTh, MOKHO JIU 0OOUTH BCE 3TH CEMb MOCTOB,
IIPOXOAS Yepe3 KAKIbIA TOJBKO OJHAXKIbI, UIN HEJb-
351. Moe paBUII0 TPUBOJUT K CIEAYIOIIEMY PELICHUIO
aToro Bompoca. IIpexnae Bcero, Hy»XHO CMOTpPETb,
CKOJIBKO €CTh YYacTKOB, pa3JcJICHHBIX BOAOW, — Ta-
KHX, Y KOTOPBIX HET IPYroro nepexojia ¢ OJHOrO Ha
IpYTrOW, KpOME KaK 4yepe3 MocT. B gaHHOM mpumepe
Takux ydacTtkoB uerbipe — A, B, C, D. Jlanee HyxHO
pasinyath, SBISIETCSA JIM YUCIO MOCTOB, BEAYIIHX K
STUM OTJIEJIbHBIM Y4YacTKaM, YE€THBbIM WJIM HEUYETHBIM.
Tak, B HallleMm ciaydae K y4yacTKy A BeQyT HATh MOC-
TOB, a K OCTAJIbHBIM — IO TPU MOCTA, T. €. YHUCII0 MOC-
TOB, BEIYyIIMX K OTACIbHBIM Yy4acTKaM, HEYETHO, a
ATOTO OJHOTO YK€ JOCTATOYHO JJIsSI PELICHUS 3a/1auu.
Korga 310 onpeneneno, npuMeHsieM CIEAYIOIIEe Mpa-

12.3.
Y2 Y1

X3

Y3
X| X2

13. lansl rpadel Gy u G,. Halimute G| & G,, G &
G,, G S Gy, G x G,,. lna rpada G, = G, Haiigute
MaTpUIbl CMEXHOCTH, WHIUJICHTHOCTH, CHJIbHBIX
KOMIIOHEHT, MapuIpyTOB JUIMHBI 2 U BCE MapUIPYThl
JUTMHBI 2, UCXOASAIINE U3 BEPIIUHBI 1.

13.1. @ 1
G,
3 2
13.2.
1 2 5
G] G2
4 3
3 2
13.3.
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I1. HailTu UMKIOMAaTUYECKUE U XPOMATUUYECKHUE YHUC-
Jla, YUCJIa BHYTPEHHEW U BHEIIIHEW YCTOMYMBOCTHU IS
rpados. M3omopdHs! 11 rpadbi?

12. Haiitu nexapToBO nmpousBeneHue rpados.

12.1. X g > V2
Y3
X| < X3

G, G

12.2.
YI == ¥z

X2
/\ Vs
X1 X3
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BUJIO: €CJIU Obl YMCJIO MOCTOB, BEAYIIUX K KKIOMY
OT/ICJIBHOMY Y4YacTKy, ObLJIO YETHBIM, TO TOTAa 00XO0,
0 KOTOPOM HJIET peub, ObLI Obl BO3MOXEH, U B TO KE
BpeMsi MOKHO ObUTO ObI Ha4aTh 3TOT 00X0]I C JI0OOTO
ydactka. Eciiu ke U3 3TuX urcen ABa ObUTH Obl HEYET-
HbIE, N0O TOJBKO OJJHO OBITH HEYETHBIM HE MOXKET, TO
U TOTJa MOT OBl COBEPIIUTHCS MEPEXOJ]l, KaK 5TO
IPEANKUCcaHo, HO TOJBKO Hadajao 00X0J/ila HEPEMEHHO
JIOJIKHO OBITH B35TO OT OJJHOTO U3 TE€X JBYX YYaCTKOB,
K KOTOPBIM BeJIET HEYETHOE YMCIO MOCTOB. Eciu Obl,
HaKOHEL, ObUTO OOJbIIE JBYX y4YacTKOB, K KOTOPBIM
BEJIET HEYETHOE YUCIO MOCTOB, TO TOTJla TaKOE€ JIBU-
KEHUE BOOOIIE HEBO3MOXKHO... €CIM MOXHO OBLIO
NPUBECTH 3JI€Ch Jpyrue, 0ojiee cepbe3HbIe 3aJayH,
ATOT METOJ MOT Obl IPUHECTHU €11le OOJBIIYIO MOJIb3Y
U UM HE clieJIoBajio Obl IpeHeOperaThy.

O6ocHOBaHME BBIIICIPUBEACHHOTO TpaBUIIa
MOXHO HaTu B nucbMme JI. Dinepa Kk cBoeMy Apyry
Onepy. Maremaruk nucai, 4yTo NEPEXOd BO3MOXKEH,
€CJIM Ha YYaCTKE Pa3BETBJICHUS PEKU MMEETCs He 00-
Jee AByX o0yiacTeid, B KOTOPBIE BEACT HEUETHOE YHCIIO
MocTOB. [l1s1 TOro, 4ToOBI MpOIEe MPEACTaBUTh cebe
9TO, OyJeM CTHpaTh HA PUCYHKE YXK€ MPOWICHHbBIC
MOCTHI. JIerko mpoBepuTh, 4TO €CJIU Mbl HAUHEM JIBU-
raTbCsi B COOTBETCTBUM C IIpaBWiIaMu Jiliiepa, epece-
YeM OJIMH MOCT U COTPEM €ro, TO Ha PUCYHKE OyJeT
M300paXeH YYacTOK, TJie OISITh MMeeTcs He Oosee
JIBYX 00JIacTeil, B KOTOPhIC BEJIET HEUETHOE YHCIIO



MOCTOB, a MPU HAIMYUU 00JIACTEH C HEUETHBIM YHC-
JIOM MOCTOB MbI OyJ€M pacrojiaraTbCsi B OJHON M3
Hux. [Ipogomxkas ABUraThCs Tak jgajiee, Mpoiaem ue-
pe3 BCE MOCTHI IO OJJHOMY pasy.

B 3akimouenue otMeTuMm, 4To 3agavya o Kenurc-
Oeprckux MocCTax W MOJ0OHBIE €H 3aJayl BMECTe C
COBOKYITHOCTBbIO METOJOB HMX HCCIIEIOBAHMS COCTaB-
JSIOT OYEHb BAXKHBIM B MPAKTUYECKOM OTHOUIEHUU
paszen MaTeMaTHK{, Ha3bIBaeMblii Teopueil Tpados.
[TepBas pabota o rpadax mpuHamiexana JI. Dinepy u
nosiBuiack B 1736 roxy. B maneHelimem Han rpadgamu
paboramu Kenur (1774-1833), T'amunsTon (1805-
1865), u3 coBpemennbix matematukoB — K. bepxk, O.
Ope, A. 3bIKOB.

BnocneactBuu teopusi rpadoB cTajia UCHOJIb-
30BaThCsl B TOMNOJOrWH, anredpe, Teopuu uucen. B
Hanie BpeMs Teopusi rpad)oB HaXOAUT MPUMEHEHUE B
CaMbIX pPa3HOOOpPAa3HBIX 00JIACTAX HAYKH, TEXHUKH U
PaKTHYECKOH AesaTenbHOCTH. OHA UCIOJIb3YETCS MIPU
POCKTUPOBAHUM 3JIEKTPUUECKUX CETEW, IIaHUpOBa-
HUU TPAHCHOPTHBIX NEPEBO30K, NOCTPOCHUHN MOJIEKY-
nspHbIX cxeM. [IpumMensieTcst Teopusi rpadoB Takxke B
HSKOHOMUKE, TICUXOJIOTUH, COITUOJIOTHH, OMOJIOTHH.

CocrtaBuTh MX MaTpullbl cMexHOCTH. Haiitu rpad
G=(G; & G,) <& G5 ¥ IOCTPOUTH €TO JUArPaMMY.
9. Nansl rpadgpl CBOUMH MAaTPULIAMH CMEKHOCTH

101 0 0110 01 10
0001 1000 1001

R = R, = R =
100 0 0010 1000
0100 1000 0110

Haiitn MaTpuiy cMexHOCTH rpada
G= (G1 =4 G3) & (Gz =4 G3)
¥ TIOCTPOUTH €TO JTUarpammy.

10. st geTipex rpadoB HAWTHU: TOTIOJHEHUE, YUCIIO-
BbIE XapaKTEpUCTUKH, oO0beauHeHue rpadoB a u d,
nepeceyeHue rpados b u d, kommosuiuio rpadoB ¢ U

d.

A A
a) b)
X X, X A,
X5 Ay X5 Ky
Xy X4
c) X d) X
p. ¥ Ay p: ¢ Ay
X5 X s A3

Ay

Ay
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6. lanbl qBa rpada
X1
X3 X5

X3
X; A

X3
X4
X5

Gy Gy
[IpousBecTr HEMOCPEACTBEHHOE CIOKEHHUE 3THUX T'pa-
¢oB. CocTaBUTh MATPHUIIBI CMEKHOCTH M HAWTH C UX
IIOMOIIIbIO TepeceuyeHue rpagdos.
7. lansl 1Ba rpada CBOMMH MaTPUIIAMHA CMEKHOCTH:

00110 01 010
1 01 00 1 00 01
R=01 0 01 R,=101 0 10
I 1.0 00 1 00 01
00110 00010

CocTaBuTh MAaTpHUIy CMEXKHOCTH, COOTBETCT-
BYIOIIYIO CyMMe U TiepeceueHuto rpados. HapucoBaTh
JarpaMMbl UCXOJHBIX U PE3yJIbTUPYIONINX IPpadoB
8. lansl Tpu rpada:

Xz X3 X X3 X X3
Xi X4 X4 %Xs ) %4 %3
G G G
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1. OcHOBHBIE XapaKTepUCTHKH rpa¢oB
1.1. Buasl u cnioco0sbl 3aganus rpagos

Omnpenenenue 1.1. I'papom G (V, E) Ha3biBaeTcs co-
BOKYITHOCTh JIBYX MHOXECTB — HEITyCTOI'0 MHOYECTBA
V (MHOXECTBa gepuiur) 1 MHOXKECTBA E ero nByXxaJie-
MEHTHBIX TIOJIMHOKECTB MHOXecTBa V' (E — MHOXKeCT-
BO pebep).

G(V,Ey=(V;E), V+QD, Ec 2’
Onpenenenue 1.2. I'pagp G — 3T0 MaTeMaTUYECKUI
00BEKT, COCTOAIIMN U3 MHOXECTBa gepuiun X = {xi,
X2, ..., X,} ¥ MHOXecTBa peoep A = {a,, ay,..., a,}. Ta-
KUM 00pa3zoM, rpad MOJHOCTBIO OMPEIEISIETCS COBO-
KYMHOCTBIO MHOXKECTB X, 4: G = (X, A4).
Omnpenenenue 1.3. [ pagpom Ha3pIBaeTCs anredOpanye-
ckas cucrema G = (M; R), rne R — IByXMECTHBII Tpe-
JTUKATHBIA CUMBOJ. DJIEMEHTBHI HOCUTENsl M Has3bIBa-
101cs sepuunamu Tpada G, a dJIeMEHTh OMHAPHOTO
otnomenns R & M* — oyeamu. Takum oGpasoM, Iy-
ramu SBISIOTCA Haphl Bepiud (a, b) W R. IIpu sTom
nyra (a, b) Ha3pIBaeTCs ucxoosujell U3 BEPIIMHBI @ U
3axo00sueli B BEPIIUHY b.

JIJist MHOTHX 3a7lad HECYIIECTBEHHO, SIBIISIOTCS
a1 pebpa OTpe3KaMH MPSIMBIX UM KPUBOJIWHEHHBIMU
JyraMu; Ba)KHO JIMIIb TO, KAKHUE BEPIIUHBI COSTUHSET
KaXxJ10e pedpo.



CyliecTBYIOT JBa OCHOBHBIX BHAa TpadoB (u
MHOXECTBO MX IOJIBUJIOB): OPUEHTUPOBAHHBIC U He-
OPUEHTUPOBAHHEIE.

Ecnu pebpam rpada npugansl HanpaBlieHUs OT
OJIHOM BEPIIHUHBI K IPYroH, TO Takoi rpad Ha3bIBacT-
csl  opueHmuposaHHviM. Pebpa OpUEHTUPOBAHHOTO
rpada HazwpiBatoTcs dyzamu. COOTBETCTBYIOIINE BEp-
IIMHBI OPUEHTUPOBAHHOTO Tpada HA3BIBAIOT HAUAIOM
u konyom. Ecnu HampaBneHusi pedep He yKa3bIBarOT-
csl, TO Tpad HA3BIBACTCS HEOPUECHMUPOBAHHBIM (WU
mpocTto rpadom).

Teopuss rpadoB MHOTOKPATHO TEPEOTKPHIBA-

JACh PAa3HBIMM aBTOPAMHU IPU PELICHUN Pa3JIMYHBIX
npukiIagHbix 3amad. Hampumep, 3amaua o Kénurc-
Oeprckux MocTax.

Ha puc. 1 npeacraBiieH cxeMaTu4ecKui iaH

Puc. 1. CxemaTuuecKkuii Iiad ropojia v ero NpeACcTaBICHUE B
Bue rpaga.

10

Xa

X1 X5

4.5.

X
X3

X

X4
X3

5. Onpenenuth MUHUMAJIBLHOE YHCIIO YaCOBBIX, HEOO-

XOJIUMBIX JUIsl OXpaHbl 11 00BbEKTOB, PaCOIOKEHHBIX

B BepmmHax rpada. OOBEKThl MPOCMATPUBAIOTCS IO

pebpam rpada.

10

X
Xg
X2 Xn
X3
X6
X

X4 X5
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4. HaitTu ynciia BHYTPEHHEW M BHEUIHEW yCTOWYHBO-
cTH 711 TpadoB:

4.1. %,
Xl'—‘ X3
4.2. )4
2 - X3
%
ch\f X,
4.3. X
2 %,
X
X;r X,
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HeHTpaJibHOM 4Yactu ropona KenurcOepr (HbiHe Ka-
JUHUHTPAN), BKItOYaromui aBa Oepera peku Ilpero-
JM, IBa OCTPOBA B HEM U CEMb COEIMHSIIOUIUX UX MOC-
TOB. 3aJla4a COCTOUT B TOM, YTOObI OOONTH BCE YETHI-
pE€ YacTu CyIlIH, NPOis M0 KaXxa0My MOCTY OJHH pa3,
U BEPHYTbCA B HCXOJHYIO TOUKY. OJTa 3ahaya Oblia
pemieHa (MOKa3aHO, YTO PEUIEHHs] HE CYIECTBYET)
Ditnepom B 1736 rony.

Ilpumep 1.1.
Ha puc. 2 nu300paxeH HeOpHUEHTUPOBAHHBIN
rpad G = (X, 4).
X = {x1, X2, X3, X4},
A = {a1= (x1, x2), a;=(x2, X3),

613:(X1, X3), as= (X3, X4)}-
X1

3]

a;
X2

Puc. 2.

Ilpumep 1.2.
Ha puc. 3 nuzo6paxeH opueHTUPOBAHHBIHN rpad
G = (X, A).
X= {Xl, X2, X3, )C4},
A= {Cll = (xl, XQ), a) = (Xl, X3),
as = (X3, X4), ag = ()C3, Xz)}.

11



Xz da X3
[#3] oy az
X1 X4
Puc. 3.

Omnpenenenue 1.4. I'pad Ha3bIBaeTCA npocmovim, €Ciu
KKy Mapy BEPIINH COSIUHSET He 0oJiee YeM OJTHO
pebpo.

Omnpeneaenue 1.5. I'pad, umeromnuii kKak OPUESHTUPO-
BaHHbIC, TAK U HEOPUEHTUPOBAHHBIC peOpa, Ha3bIBa-
€TCSl CMEULAHHBIM.

Paznmuunbie pedpa MOTYT COCUHATH OHY U TY
e napy BeplIMH. Takue pedpa Ha3bIBAIOT KPAMHbIMU.
Onpenenenue 1.6. I'pad, conepxaniuii KpaTHbIe peod-
pa, Ha3bIBAETCS MYIbIMUSPAPDOM.

HeopuentupoBanHoe pebpo rpada sKkBuBa-
JEHTHO JBYM MPOTHUBOIIOJIOXKHO HAMpPaBICHHBIM dYy-
ram, COSJUHSIONIUM T€ KE CaMbl€ BEPIIUHBI.

PeOpo MoxeT coenuHSTh BEpUIMHY CaMy C CO-
6oii. Takoe peOpo Ha3BIBACTCS nemiell.

Omnpenenenue 1.7. I'pad ¢ kparHeiMu pebpamu u
NETJISIMU Ha3bIBACTCA NCe8002padoMm.

MHuoxecTBO pedep rpada MOKET OBITh ITyCTHIM.

MHO0XecTBO BEpIIMH Ipada HE MOKET OBITh ITyCTHIM.

12

3anaqn AJIA CAMOCTOATECJIBHOTO PEIICHUA

1. Onucate rpad, 3aaHHBI MaTpPUIEH CMEXKHOCTH,
UCIIOJIb3YsI KaK MOXKHO Ooibie xapaktepuctuk. Co-
CTaBUTh MATpUIy HHIMACHTHOCTH U CBSA3HOCTH
(CHIIBHOM CBA3HOCTH).

2. Ilomp3ysice anroputmMoM dPopnaa-bemnvana, HauTH
MUHHUMAaJIbHBIA TyTh U3 X; B X7 B OPUCHTUPOBAHHOM
rpade, 3aJaHHOM MaTpUIIEH BECOB.

3. Ilonp3yscs anroputmom Kpackana, HaATH MUHU-
MaJbHOE OCTOBHOE JiepeBO il rpada, 3aTaHHOTO
MaTpuIleil 1muH pedep.

BapuanTsl 3a1anuii

1.1 1.2 1.3
01 1 01 N(4 6 12 w o o oo 12 6 20
1 0 01 0 OJfw 0 o 13 7 o of|[l12 o 2 4
1 0 0 01 Ol 00 o0 5 o 3 owf|6 2 o 10
0 1 0 0 I OJfwo o o w 10 9 «wf[]|20 4 10 o
I 01 1 0 1j|loo 00 o o o oo 8[(U4 6 12 6
1 0 0 01 0fw o o o o oo Il

\® © o o o o
2.1 2.2 2.3
1 0000 Nfo 1 3 9 o o oo | o 4
0 01 1 1 Offw o o 10 4 o owofll o 2 o
0 0 0 0 0 O] o0 o0 5 o 1 owf|lw 2 o 1
1 0 0 0 0 Ijlw o0 o wo 7 6 w||ld4 o 1 o
1 01 0 0 O] o0 o o o o 5 5 1 1 3
1 01 0 0 0o o0 o o o o 8

\®> © o o o o 0
3.1 3.2 33
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POBAHHOI'O U COOTBETCTBEHHOI'O €My HEOPHUEHTUPO-
BaHHOTO TpadoB.

3. Halitu Martpuiy pacCTOSIHUM, IHAMETP U PaauycC
rpada, onpeneauTh LIEHTPAJIbHbIE BEPIINHBI.

4. Jlnsa rpada, mpeacTaBiICHHOTO CISAYIOIICH MaTpH-
el CMEXHOCTH, ONpPEEIUTE MATPUIly WMHIHJICHTHO-
ctu rpada u u3o006pasute ero rpaduaecKku

01110
100 0 1
10010
10101
01 0 1 0]

5. OpueHTHpOBaHHBIN Tpad C MHOXECTBOM BEpIIMH
{1,2,3,4,5, 6,7} 3anaH CIUCKOM JyT

(1, 4), (1, 6), (2, 1), (2,2), (2, 6), (2, 6),
(3,2), 3, 4), (3, 6), (4, 6),(5, 2), (5, 4),
(5.4), (5,5), (6,2), (6,5), (7, 1), (7, 6)}.

[TocTpouts peanuszanuio rpada, MaTpUIly HHIUACHT-
HOCTHU ¥ MaTpHUIly COCEACTBA BEPILHH.
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Ilpumep 1.3.
Ha puc. 4. u300paxeH OpueHTUPOBAHHBIN rpad
G=(X, A).
X={x1, X2, X3, X4},

A= . X2 X3
O O
O O
xl x;]
Puc. 4.

Kak B ciyyae opueHTHPOBAHHOTO, TaK U B CIIy-
yae HEOPUEHTUPOBAHHOTO pedpa TOBOPST, YTO BEP-
IINHBL X U Y UHYUOeHmHbl PeOpy a, eClau 3TU BEepIu-
HBI COEJIUHEHBI d.

Omnpenenenne 1.8. JlBe BepmMHBI Ha3bBIBAIOTCS
CMENCHbIMU, €CITM OHU HHIUICHTHBI OJHOMY U TOMY
xe pedpy. JlBa pebpa Ha3bIBAIOTCS CMENCHbIMU, ECITU
OHU UMEIOT OOIIYIO BEPIIUHY.

Omnpenenenue 1.9. Cmenenvio BepuHbl rpada Ha-
3bIBAETCS YUCIO pedep, MHIUIAECHTHBIX 3TOW BEpUINHE.

Bepmuna, umeromasi crenenb 0, Ha3bIBaeTcs
U30IUPOBAHHON, & CTETIEHD | — sucsauetl.

HeobxoaumMocTh y4HUTHIBATH OPUEHTAIUIO pe-
O0ep B oprpade MpUBOAUT K PACIICIUICHUIO TOHITHUS
«CTETICHb BEPIIUHBD) HA JIB€ YACTHU: HOJYCIMENeHbHO
3axo0a BepmuHbI v; (d ~ (v;)) Ha3pIBaETCS YHUCIIO pedep,
3aXOMAIUX B V;, noaycmenenvio ucxooa v; (d = (v;)) —
9gKicIIo pedep, BBIXOASIINX U3 HEE.

13



Crenenp BepmIMHBI 0003HayaroT 4yepe3 deg v;.
Jns oprpadadeg vi =d " (v) +d ~ (v)).
Omnpenenenue 1.10. I'pad, cTenenu Bcex k BepIIMH
KOTOPOTO OJAMHAKOBBI, HA3bIBAETCS OOHOPOOHBIM 2pa-
¢om cmenenu k.
Onpeneaenue 1.11. Jononrnenuem oannoco epagha
Ha3bIBaeTCA rpad, COCTOSIIMA U3 BCeX pedep U ux
KOHIIOB, KOTOpbIE HEOOX0IUMO J0OaBUTh K MCXOJHO-
My rpady, 4TOObI OTYYUTh MOTHBIN Tpad.
st opueHTHpOBaHHOTO Tpada MHOKECTBO
BEPIINH, B KOTOPHIE BEIYT AYTH, UCXOIAIINE U3 BEp-
IIMHBI X, 0003Ha4arT G (Xx), TO €CTh
Gx)=1{:(x, v e G}
MuoxectBo G (X) Ha3bIBAIOT 00pa30M BEPIIVHBI X.
CootBercTBeHHO G () — MHOXECTBO BEpIIHH, U3
KOTOPBIX UCXOMAT TyTH, BEIyIIHE B BEPIINHY ),
G = {x: (x,)) € G}.
MHoxecTBO G () Ha3BIBAIOT pOOGPA30M BEPILIHHBI ).

Ilpumep 1.4.

B rpade, nzobpaxkeHHOM Ha puUC. 2, KOHIIAMH
pebpa a; SBISIOTCS BEPIIUHBI X|, X,; BEpPIINHA X, WH-
IUJICHTHA peOpaM a, d,; CTENICHb BEPIIUHBI X3 PaBHA
3; BepIIMHBI X| U X3 CMEXHbIE; pedpa a; U a, CMeX-
HbIC; BEpIIMHA X4 BUCSYasi. B OpHEHTUPOBAHHOM rpa-
de, 1300paxKEHHOM Ha pUC. 3, HAYAJIOM IYTH a; SIBJIS-
€TCsI BEPIIIMHA X{, @ €€ KOHI[OM — BEpPIIUHA X,; BEPIIH-

14

S O = = O
oS O O O =
—_—— O O
S O = O O
S O = O O

5. HeopuentupoBanusiii rpad G 3amaH BepIIMHAMH
{1,2,3,4,5,6,7} u pédpamu

1(1,3); (1,4); (1,5); (1,7); (2,3); (2.4); (2,7);
(3,5); 3,7); (4,6); (4,7); (5,6); (6,7);.

[TocTpouTs peanuzaiuio rpada, HAWTH ITUKIOMATHYIE-
CKO€ YHCJIO U €T0 OCTOB.

Koumponvnasa paboma Ne2

1. IlpeacraButh B BUJIE€ OPUEHTUPOBAHHOTO rpada oT-
HOILIEHHE
p=(,E)V=1{2,4,16,22},
E={(x,y):(x+y)/6}.
2. OpuentupoBanHbiii rpad G ¢ MHOKECTBOM BEPILIUH
V=1{1,2,3,4,5,6,7} 3aqan CIUCKOM AYT

1(1,2), (1, 4), (1, 5), (2,4), 3, 2), 3, 4),
(3,4), (4,2), (4,5), (5 5).(5,7), (7, 1)}.

[TocTpouts peannszanuio rpada, MaTpuIly HHIMICHT-
HOCTH M MAaTpHULbI COCEJICTBAa BEPUIMH JJII OPUEHTH-
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TunoBbsie KOHTPOJIbHBIE PA0OTHI
Konmponvuasa paboma Nel

1. IlpeacraButh B BHJIE OPUEHTUPOBAHHOTO rpada oT-
HOLIEHUE
p=V,E), V={2,4,16,22},
E={(x,y):x/y—uerHo}.
2. OpuentupoBaHHbIil rpad G ¢ MHOKECTBOM BEPLINH
V=1{1,2,3,4,5,6,7} 3a0an CIUCKOM AYyT

(1, 6), (2, 1), (2,3), (3, 1), (3, 3), (3, 3), (3, 4),
(3,6), (5, 1), (5,6), (5,6), (5,6), (7, 4), (7, 6)}.

[TocTtpouts peanuzanuio rpada, MaTpUIly UHIUICHT-
HOCTH M MaTpHIlbl COCEACTBA BEPILIMH IJISI OPUECHTH-
POBAHHOTO ¥ COOTBETCTBEHHOI'O €My HEOPHEHTHPO-
BaHHOTO TpadoB.

3. Haittu marpuily paccTosiHUM, THUAMETp U paauyc
rpada, onpenenuTh EeHTPAIbHBIC BEPIITHHBI.

4. Jlna rpada, mpeACcTaBICHHOTO CISAYIONMEH MaTpu-
el CMEXHOCTH, OMpEACIUTe MaTPUIly WHIUJIEHTHO-
CTHU Tpada u u300pa3uTe ero rpaPpuyecku
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Ha X; MHIMJACHTHA AyraM a; u ap; G (x1) = {x2, X3},
Gx)=0,G'(x3)={x1}, G '(x) =
Omnpenenaenue 1.12. [looepagom rpada G Ha3bIBaET-
csi Tpad, Bce BEpPIIMHBI U pedpa KOTOPOTO COMEPKATCS
cpenu BepiuH u pedep rpada G. [loarpad HazbiBaeT-
Ccsl cOOCMBEeHHbIM, €CITU OH OTIUYEH OT CaMoTo rpada.
Omnpenenenue 1.13. I'pad G = (X, A) — noansiii, ecnu
AJ1sl 1I000M Mapbl BEPIIMH X; U X; CYLIECTBYET pedpo
(Xi, Xj).

Omnpenenenue 1.14. I'pad G = (X, A) — cummempuue-
CKUll, €CIM I JIIOOOM yTH (X;, X;) CYIIECTBYET IpPO-
THBOIIOJI0’KHO OPUEHTUPOBAaHHAs yra (X, X;).
Omnpenenenue 1.15. I'pad G = (X, A) — naanapnuiil,
€CJIM OH MOXXET OBbITh M300pa)kK€H Ha IUIOCKOCTU Tak,
YTO HE OYJIeT EPECEKAIOIIUXCS AYT.

Omnpenenenue 1.16. HeopuentupoBanusiii rpadp G =
= (X, A) — 08y0o/ibHbLIL, €CIIA MHOKECTBO €Tr0 BEpIITUH
X MOXHO pa3OHTh Ha JIBa IMOJMHOXKeCcTBa X| U X5, 4TO

Kax110e pedpo HMeeT OJIMH KOHeIl B X}, a Ipyroii B X.
K, ; — 36e30n0uil cpagh

W A

Puc. 5. /IBynonsHbie rpadbl

3amertumM, uto rpad K ,, umeer poBHo m + n
BEpIIUH U m-n pedep.

15



1.2. Marpu4Hble ciocoObI 3a1aHus rpagos

Jlist anrebpandeckoro 3agaHus rpadoB UCTIOIb-
3YIOTCSI MATPHUIIBI CMEKHOCTH U WHIIUJEHTHOCTH.
Omnpenenenne 1.17. Mampuya cmexcnocmu A = (ay)
onpeeNsieTcss OAMHAKOBO JIJIi OPUEHTUPOBAHHOIO U
HEOPUEHTUPOBAHHOTO TpadoB. DTO KBajapaTHash MaT-
pula nopsJKa n, TIe 1 — YUCIIO BEPIIUH, Y KOTOPOM

1, ecnu (x;,x,) € 4,

a; =
0,ecru (x;,x,) & A.

Ilpumep 1.5.
Martpunia cMmexxHoctu rpada, M300pakeHHOTO
Ha pUc. 2, UMEET BUI:

01 10
A=1 0 1 0

1 1 0 1

0 01 0

Ilpumep 1.6.

Martpuiia CMEKXHOCTH OPHCHTUPOBAHHOTO Tpa-
¢a, 1300pakeHHOTO Ha pUC. 3, UMEET BUI:

0
A:

S = O =
o - O O

S o o =

0
0
0
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32. Kakas monens Teopun TpadoB ajeKBaTHa Cle-
nyromen 3aaade: Mmeercst ceTp CBSI3H, COSAUMHAOMIAS
n y3710B. Eciu BBIMAYT U3 CTPOS HEKOTOPHIE KAHAJIBL,
TO CBSI3b MEXK]y Y3JIaMH MOXET ObITh HapyiieHa. Ka-
KM€ KaHallbl MOKHO YJIaJuTh O€3 HapyIleHUs CBS3U?
Kakue xaHaiabl HY)KHO YJaldUTh, YTOOBI CBSI3b HE Ha-
pylianack, a o0Iasi CTOMMOCTh BCEX KaHaJOB Obliia
MUHHUMAaIbHOMN?

33. Kakas momens Teopum rpadoB ajeKkBaTHa clie-
nyromier 3anade: PaspabarbiBaeTcsi MPOEKT ra3orpo-
BOJAa, COEIMHSIONIEr0 OypoBbIE CKBAKMHBI B MeEkcu-
KaHCKOM 3aJIBE C HaXOJsIelcsa Ha Oepery npueMHoOn
cranuued. Crenyer BbIOpaTh MPOEKT, B KOTOPOM
CTPOMTENILCTBO Ta30IMPOBOAA MMEET MHUHUMAIBHYIO
CTOUMOCTb.

34. Kakas monenb Teopuum TpadoB ajeKBaTHa Cle-
nytomen 3anade: IlycTe mmeercs n M30JIMPOBAHHBIX
ropogoB. Kakoe MHHMMaIbHOE KOJUYECTBO JIOPOT
MEXIy HEKOTOPBIMH TOpOAaMU HaJ0 MOCTPOUTH, UYTO-
OBl UMETh BO3MOHOCTb TOIACTh U3 JII0OOOTO ropojia B
060t apyroit? Eciu 3agaHbl pacCTOSHUS MEXKIY TO-
poJilaMH, TO KaK BbIOpaTh CETh JOPOT C MHHUMAIbHON
oOmiei JyIMHOM?
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26. IlocTpoiiTe nepeBO HAaUMEHbIIECH OOIIeH MJIUHBI,
pedpa KOTOPOro COENUHSIOT BEPUIMHBI MPABHIIBHOTO
HIECTUYTOJIbHUKA.

277. CKOJIBKO KOMIIOHEHT CBSI3HOCTH MOYKET UMETH Jie-
peBo?

28. MOXHO 71 MTOCTPOUTH AEPEBO, BCE BEPIIMHBI KO-
TOpPOT0 UMEIOT CTENEHb O0JbllIe, YeM eAMHULIA?

29. Kakas monens Teopun TpadoB anekBaTHa clie-
Iyrouen 3anade: PasnnuHbie opranu3anuu Xi, ... , X,
0OMEHMBAIOTCA HEKOTOpOoW MHpoOpMaIueit (pu 3TomM
CBSI3W MOTYT OBITh HampaBieHHbIMHU). Ecin Mexmy
OpPraHM3aLMAMU X; U X; BO3MOXXEH HENOCPEICTBECHHBIN
oOMeH MH(opManuen, TO 3aTpaTbl HA HErO COCTaBJIS-
10T r; pyOseil. Bosmoxxen 11 oOMeH HMHGpOpManuen
MEXIy AByMs opraHuzanusmu? Eciaum Bo3MOXeH, TO
KaK OCYLIECTBUThH 3TOT OOMEH C HAMMEHBIINMHU 3aTpa-
TaMu?

30. Kakas monens Teopum TpadoB aJeKBaTHa Cle-
nyromen 3agade: Mimeercs cxema TOpOACKHUX JTIOPOT €
NEPEKPECTKAMHU U, BO3MOKHO, OJJHOCTOPOHHUM JIBU-
xeHueM. HeoOxonumo HaWTH MapuipyT, COSAUHSIO-
MK JBE€ TOYKHU Ha Kapre. Kak HaliTHM TakoW MapuipyT
IIPU YCIIOBHH, UYTO €0 JIJIMHa MUHUMAaJbHA?

31. Kakas mopmens teopun rpadoB aneKkBaTHa cClie-
nyromier 3amade: TpeOyeTcss MOCTPOUTh CXeMy DJIEK-
TPUYECKOM CETH, B KOTOPOH KIJIEMMBI JOJIKHBI OBITh
COEIMHEHBI C MOMOUIbIO MPOBOJIOB HaMMEHbIIEH 00-
IEH JUIMHBI.
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Martpwuiia CMEXHOCTH TTOJTHOCTBIO 3a/1aeT rpad.
Onpeneaenune 1.18. Mampuyeti unyuoenmnocmu B =
= (b;) OpUEHTUPOBAHHOTO Tpada Ha3BIBACTCA MPSAMO-
yrojbHasi MaTpuua (n X m), TAS n — YUCIIO BEPIIUH, M
— guCIo pedep, Y KOTopoit

1, €CJIK BCPIIMNHA X; ABJISACTCS HAYAJIOM AYyT'H Clj;

b; = —1, eciu BepIIUHA X, ABISAECTCSA KOHILIOM IYTH d =

0, €CJIK BEpIIMNHA X; HC HHIIUJACHTHA AYI'C Clj;

Jl7is HEOPUEHTUPOBAHHOTO Tpada MaTpula UH-
IUACHTHOCTU B 3aJ1aeTcs ClIeAyOIUM 00pa3oM:

1, ecnu BepuIMHA X, MHIMICHTHA PEOPY a ;
=

0, eciu BepIIMHA X, HE MHIMIEHTHA PEOPY ..
Ilpumep 1.7.

Martpuiia HHIIMAEHTHOCTH Tpada, n300pakeH-
HOT'O Ha pHC. 2, UMEET BU:

B:

O =k O =
—_ = O O

10
1 1
0 1
0 0

Ilpumep 1.8.
Matpuiia MHIIMASHTHOCTH OPHUEHTHUPOBAHHOTO
rpada, n300pakeHHOr0 Ha puc. 3, UMEET BU/L:
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Martpuiia MHIIUAEHTHOCTH, TaK ke, KaK U Mat-
pHUIla CMEXKHOCTH, MTOJIHOCTBIO 3a7aeT rpad.

MaTpuilbl CMEKHOCTH M MHIIUIEHTHOCTH y100-
HBI U1 3a7aHus rpadoB Ha DBM.

OCHOBHBIE CBOWMCTBAa MaTpull CMEKXHOCTH U UH-
IUJECHTHOCTH

1. Marpuna CMEXHOCTH HEOPUEHTHPOBAHHOTO
rpada sBisieTcs cummeTpudHoi. Jlyis opueH-
TUPOBAHHOTO Tpada 3T0, BOOOIIE rOBOpPS, He-
BEPHO.

2. CyMMa 3JIEMEHTOB i — OM CTPOKM WU [ —TO
CTONIOIa MATPUIBl CMEKHOCTH HEOPHUEHTHPO-
BAHHOTI'O Ipada paBHa CTETIEHU BEPILIUHBI X;.

3. Cymma 27I€MEHTOB i — OM CTPOKH MAaTpHULbI
CMEXHOCTH OPHUEHTHUPOBAHHOIO rpada paBHa
YUCITY IyT, ACXOISAIIUX U3 X;.

4. CyMmma 3J€MEHTOB [ — IO CTOJIONA MaTPHIIbI
CMEXHOCTH OPHEHTHPOBAHHOTO Tpada paBHa
YUCIIy AYT, BXOASAUIMX B BEPIIUHY X;.

5. Cymma CTpOK MaTpHIbl MHIHUJIEHTHOCTH OpH-
CHTHUPOBaHHOIO rpada sBIsIETCS HYyJIEBOU
CTPOKOM.

18

B) MaTpUII€ PACCTOSHUM;

') MaTpULE CBA3ZHOCTU?
18. MoxeT 1 4YuCI0 KOMIIOHEHT CBSI3HOCTU Tpada
IPEBOCXOAUTH YHCIIO €0 BEPIINH?
19. BepHo uiam HEBEpHO YTBEPKIEHUE, YTO B OpPUEH-
TUPOBAHHOM Tpade ¢ KOHTYpaMH MUHUMAJIbHBIN MyTh
MOXET COJIep>KaTh KOHTYPbI?
20. Kak Ha3bIBaeTCs CBA3HBIN rpad 6e3 uKIoB?
21. IlycTe n — 4uCHO BEPIIUH, a M — YUCIO pedep B
cBsi3HOM Tpade 0e3 nukiaoB. Kakue u3 cieayromux
COOTHOILIEHU BO3MOKHBI:

a)n=m;0)n<m;

B)n < m;

r)n>m;

n)n > m?
22. Ckonbko pedep nMeeT CBsI3HbIN rpad 06e3 HUKIOB
C n BepLIUHAMHU?
23. YeMmy paBHO HauMMEHbIIEE U HAUOOJBIIEE YHCIIO
pebep B cBs3HOM rpade 0e3 meTenb U KpaTHBIX pedep
C 1 BepIIMHAMU?
24. Yemy paBHO HaMMEHBIIIEE U HAUOOJBIIEE YHCIIO
pebep B rpade Oe3 merens U KpaTHBIX pedep ¢ n Bep-
IMHaMu?
25. BepHO WM HEBEPHO CIEAYIOUIEE YTBEPKICHUE:
MunumManbHOE OCTOBHOE JIEPEBO MOKET COJIEPKaTh
LIAKJIBI?
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11. Kakue wn3 cneayronmmx yTBEpPKIACHUN SBISIOTCS
PaBUIbHBIMU:
a) eciau MaTpuila CMEXKHOCTH HECUMMETPUYHAsI, TO
rpad opueHTUPOBAHHBIN;
0) ecnu Tpad HEOPUEHTHUPOBAHHBIN, TO MaTpHIla
CMEKHOCTHA CUMMETPUYHAS;
B) €CIIU JUArOHAJbHBIE AJIEMEHThI MATPUIIBI CMEXK-
HOCTH — HYJIU, TO rpad) HEOPUEHTUPOBAHHBIN?
12. MoxeT 1M BeplIMHA, BXOAAIIAs B ITUKI Tpada,
UMETh CTETNIEHb, MEHBIIIYIO IBYX?
13. Kak Ha3pIBaeTcs MyTh, y KOTOPOTO HA4ajuao NEPBOM
JyTH COBMAAAET C KOHIIOM MOCTETHEN?
14. Kak nHaspIBaeTcs MapumpyT, y KOTOpPOTO IepBas
BEPIIIMHA COBNAJAET C MOCICAHEN?
15. MoxHO 51 yTBEpXKAaTh, YTO CHJBHO CBS3HBIN
rpad Bcerja COACPKUT KOHTYP?
16. Kakue u3 ciienyronuyx MaTpuIl MOJHOCTHIO 33JJal0T
rpad:
a) MaTpulla MHIUJIEHTHOCTH;
0) MaTpuIla OJHOCTOPOHHEH CBA3HOCTH;
B) MaTpUIIa CBA3HOCTH;
') MaTpUIla CUJIHHOU CBSI3HOCTH;
1) MaTpULa CMEKHOCTU?
17. Tlo xako¥l MaTpulle MOKHO 0€3 JOMOJHUTEIIbHBIX
BBIYUCJICHUN OMpPEACIUTh YUCIO KOMIOHEHT CBSI3HO-
CTH HEOPUEHTUPOBAHHOTO rpada:
a) MaTpUIE CMEKHOCTH;
0) MaTpuIle UHIIUICHIIHH;
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Bo3MOXHBI cliefyomue pa3iIudHble CIIOCOOBI
3ajaHus rpada:
a) OCPEICTBOM TpapuuecKoro n300paskeHus;
0) ykazaHHeM MHO>KECTBa BEPIIUH U MHOXKECT-
Ba pebep (ayr);
B) MaTpUIIEH CMEKHOCTH;
') MaTpUIIEH UHIIUJEHTHOCTH.

1.3. U3omop¢pusm rpados

Omnpenenenne 1.19. I'padsl G, = (X, 4)) u G, = (X3, A5)
U30MOp@hHbI, €CIU CYIIECTBYET B3aMMHO OJIHO3HAYHOE
COOTBETCTBHUE MEXIY MHOXXECTBAMU BEPILIMH X| U X),
TaKoe, 4TO JIOObI€ JIB€ BEPIIMHBI OJHOTO rpada co-
€UHEHBl TOIJAa U TOJIKO TOIJA, KOIZJAa COOTBETCT-
BYIOIIIME BEPIIMHBI COEAMHEHBI B IPYyTroM rpade.

IIpumep 1.9.
I'padbl, u3o00pakeHHbIE Ha pUC. O SBIAIOTCS
M30MOP(QHBIMHU.

Puc. 6.

Ilpumep 1.10.
ITokaxkem, uto cieayromye a8a rpada n3oMopQHHI.
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Puc. 7.

JleiicTBUTENBHO, HA PHUC. 7 OTOOpaKEeHUE
a—>eb—>fco>g d—oh,
SBJISTFOITICECS N30MOP(GU3MOM, JIETKO MPECTABUTh KaK
Monu(puUKauio TepBoro rpada, MepeaBUTAIOINLYIO

BEPIIVHY d B IICHTP PUCYHKA.

N3omopdHbIe rpadbl OTAMYAIOTCA TOJIBKO HY-
Mepanueu BepmrH. MaTpuibl CMEXHOCTH JABYX H30-
MOp(hHBIX TpagoB MOryT OBITH MOJTYYEHBI OJHA W3
JIPYTOi TIEPECTAaHOBKON CTPOK M CTOJOMOB. UTOOBI
y3HaTh, SBISIOTCA JHM JABa rpada H30MOp(HBIMU,
HY>KHO TPOU3BECTH BCE BO3MOXKHBIE TEPECTAHOBKHU
CTPOK M CTOJOILIOB MAaTPHIBl CMEXKHOCTH OJHOTO W3
rpagoB. Eciu mocne kakoi-HHMOyAb NEpECTaHOBKU
HOJyYUTCSl MaTpHIla CMEXHOCTH BTOpPOro rpaga, to
9Tu rpadsl n3oMopdHbL. UTOOBI yOEauThCS, YTO Tpa-
b1 HeM30MOp(HBI, HAJIO BBHIMIOJHUTH BCE 71! BO3ZMOXK-
HBIX MIEPECTAaHOBOK CTPOK U CTOJIOIIOB.
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KOHTpOJIbHI)Ie BOIIPOCHI

1. Kakoe U3 AByX YTBEPKICHHI BEPHO:

a) OPUEHTUPOBAHHBIN Ipad SBISETCS YaCTHBIM CIIy-

yaeM HEOPUEHTUPOBAHHOTO rpada;
0) HEOpUEHTUPOBAHHBINA rpad SBISIETCS YaCTHBIM
CJIy4yaeM OpUEHTUPOBAHHOTO rpada?

2. Tlepeuucnure Bce BO3MOXKHBIC CITOCOOBI 3aMaHUS
rpados.
3. Uro xapakTepu3yeT CyMma 3JIEMEHTOB CTOJOLa
MaTpPUIIbl CMEKHOCTH HEOPUEHTUPOBAHHOTO rpaga’?
4. Yto xapakTepHu3yeT Cymma 3J€MEHTOB CTPOKH MaT-
PUILBI CMEKHOCTH HEOPUEHTUPOBAHHOTO Trpada?
5. Uro xapakTepu3yeT cymMma 3JIEMEHTOB CTOJOIa
MaTpPHIIbI CMEKHOCTH OPUEHTUPOBAHHOTO rpada?
6. UTo xapakTepu3yeT cyMMa 3JEMEHTOB CTPOKH MaT-
PHIIBI CMEXHOCTH OPHUEHTUPOBAHHOTO Tpada
7. Becerma nu MaTpuia CMEXHOCTH CUMMETPUYHA OT-
HOCHTEJIBHO TJIABHOW JUaroHaau?
8. Kak 1mo marpuie CMEXKHOCTH OINpENEIUuTb YHUCIO
pebep HeopueHTHPOBAHHOTO Tpada?
9. Kak mo matpuiie MHIUACHTHOCTH, HE pUcys Trpad,

ONPEIEIUTh €r0 MaTPUILy CMEXKHOCTH?

011
10. Moxer nm Matpuma || o | OBITH MaTpuuel

010
CMEKHOCTU HEOPUEHTUPOBAHHOTO Tpada?
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Puc. 6.3.

OmnrcaHHBIN AJITOPHUTM OTHOCHUTCA K KaTCIrOpHUHU <CGKal-
HBIX». Ha KaXXAO0M IIarc¢ Mbl BBI6I/Ipa€M caMoO€ AfcIIc-
BOC IIPOOJOJIZKCHUC ITYTH.
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1.4. MapumpyThl, HMKJIbI B HCOPHEHTHPOBAHHOM
rpacge

[lycth G — HEOpHEHTHPOBAHHBIN Tpad.
Onpeneaenune 1.20. Mapupymom vnu yenvio B G Ha-
3bIBAETCS TaKasi MOCJIENOBATEIbHOCTD (KOHEUHAS WIU
OeckoHeuHas) pebep a;, dy,... ..., YTO KaXKIbIE CO-
ceaHue Ba pedpa a; M a;+; UMEIOT OOIIYI0 MHITUICHT-
HYIO BEPIIVHY.

OaHo U TO ke pedpo MOXKET BCTpeuaThCs B
MapIuIpyTe HECKOJIBbKO pa3. B KoHeuHOM Mapuipyre
(ai,ay,...a,) UMeeTcs TepBoe pedpo a; W MoceaHee
pebpo a,. Bepumna x;, HHIMIEHTHAs pedpy @), HO HE
WHIUICHTHAs peOpy a,, Ha3bIBACTCA HA4yaJIoM Map-
HmipyTa, a BEpIIMHA X,, MHUUJEHTHas pedpy a,, HO He
UHUUJCHTHas pedpy a, |, Ha3bIBa€TCi KOHLOM Map-
mpyTa.

Onpenenenue 1.21. /wunoti (Mou  MowHOCMbBIO)
MapIipyTa Ha3bIBae€TCS YUCIO pedep, BXOIAUIUX B
MapIuIpyT, MPUYEM KaKJI0€ peOpO CUUTAETCS CTOJIBKO
pa3, CKOJIbKO OHO BXOJUT B JaHHBIA MapLIpyT.
3aMKHYTBIM MapIIPyT HA3bIBACTCS YUKIOM.

Ilpumep 1.11.
B uzo6paxxenHoM Ha puc. 8 rpade paccMoTpum
7IBA MapIUIpyTa U3 BEPUINHBI X| B BEPIIHHY X4
M, = (a1, az, a) u M = (a1, ay, as, ag).
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Xa
Puc. 8.

JnmuHa mapuipyta M, paBHa 3, a qjuHa MapuipyTta M,
paBHa 4.

Omnpenenenue 1.22. MapuipyT (LIMKJ), B KOTOPOM BCE
pebpa pa3iuuHbl, Ha3bIBACTCSI NPOCMOU yenvio (LUK-
noMm). MapmipyT (UMKI), B KOTOPOM BCE€ BEPIIUHBI,
KpOME IEPBOM M MOCIEIHEW, Pa3JINYHbI, HA3bIBACTCS
anemMeHmapHou yenvto (IUKIOM).

Ilpumep 1.12.
B npuBenennoM Ha puc. 9 rpade BeIICIUM Clie-
TYIOIAE MapIIPYThI:
(ay,a3,a4) — IpocTas dJIeMEeHTapHas 1enb JJIUHBI 3, T.K.
BCe peOpa 1 BEPIIMHBI TONIAPHO PA3TUIHbL,
(az,a4,a3) — MPOCTOM HIEMEHTAPHBIN LUK, T.K. 3TO
3aMKHYTBIA MapmipyT, y KOTOPOTO BCE
pebpa W BepIIMHBI, KpOME MEPBON M TIO-
CJIETHEW, pa3JINYHBI;
(a1,a2,a4,a3) — 11€TH, KOTOPAs SABJISICTCS IPOCTOM, HO HE
AJIEMEHTAapHOM, T.K. Bce pedpa pa3IuyHbI,
HO BEpIIIMHA X; BCTPEUYAETCS JIBAXKIbI;
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CHauvana cTpouM Ty JOpOry, KOTOpas HMEET
HANMEHBIIYI0O CTOMMOCTb. B Hamem ciaydae 310 map-
mpyT B — E. Teneps HalaeM camyro JENIEBYIO JINHUIO,
coeauHsonyto ropoa B unu E ¢ kakuM TO U3 ocTanb-
HBIX TOpoAOB. JT0 myTh MexAy E u C. Bkitouaem ero
B cxeMy. Jlanee mocTynaem aHajJOTHMYHO — MIIEM Ca-
MBI JEHIEBbIA U3 MyTE€U, COCIUHAOIIMNX OJWH U3 TO-
ponoB B, C, E ¢ ognum u3 ocraBmuxcs — A win D.
Hemesne Bcero coenunuth ero ¢ C. Ilomyuum cets,
M300paXE€HHYIO0 Ha pPUCYHKE 6.3.
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Puc. 6.2.
Kenesnvle dopozu

[Ipeanonaraercst IpOJOKUTH KEJIE3HYIO J0pO-
Iy, KOTOpasi COeIMHUT HECKOJIbKO KPYMHBIX TOPOJIOB.
Jlist mo0o# mapbl TOPOJIOB M3BECTHA CTOUMOCTD MPO-
KJIAJKU MyTH Mexay HuMu. TpeOyercs HailTu Hanbo-
Jiee IEeIEBbI BApUAHT CTPOUTENBCTBA.

HHTEepecHO, YTO aIrOpUTM HAXOXKIACHUS ONTH-
MaJbHOIO BapuaHTa CTPOMUTENBCTBA JOBOJIBHO IPOCT
(uero Henb3s CKa3aTh O APYIHX 3ajadax TEOpUU Ipa-
¢doB).

[IpoeMOHCTpUpPYEM €ro Ha MpUMEPE TOPOrH,
coeauHstomnieit Atk roposios: A, B, C, D u E. Crou-
MOCTb IPOKJIAAKUA IIyTH MEXKIY KaXIOU Mapou ropo-
JI0B yKa3aHa B Tabnure 6.1.

Tabmuua 6.1.
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Xz

s
) : ay
X1 Xz
az
X4
Puc. 9.

(ai,a2,a;) — MapuIpyT JUIMHBL 3, HE SBISIOMIMNACS HU
IIPOCTOM, HU DJIIEMEHTAPHOM LENBIO, T.K.
pebpo a, W BepiIMHA X, BCTPEUYAIOTCS
JIBAYK]IBI.

I'pad, B KOTOpOM HaiifeTcs MapHIpyT, HayH-
HAIOUIMNICA U 3aKaHYMBAIOIINANCS B OJTHOW BEPIIUHE, U
MIPOXOJISIIININA IO BCceM pebpam rpacda poBHO OJUH pas,
Ha3bIBACTCA IUIEPOBLIM CPAPOM.

1.5. IlyTH, KOHTYpPbI B OPUEHTHPOBAHHOM I'pade

[ToHaTHs TyTH, KOHTypa B OPUEHTHUPOBAHHOM

rpade aHATOTUYHBI TOHATHUSM MapIIpyTa, ITUKIA B
HEOPUEHTHUPOBAHHOM Tpade.
Onpenenenune 1.23. [lymem OpUEHTUPOBAHHOTO Ipa-
¢da Ha3pIBaE€TCSl MOCIEIOBATEIBHOCTh YT, B KOTOPOM
KOHEYHas BEPIIMHA BCSKOW NYyrd, OTJIMYHOM OT MO-
CJICIHEW, SBISICTCS HAYaJbHOM BEPIIMHOM CIIEHAYIO-
IEH TyTH.
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Omnpenenenne 1.24. Yucno ayr myTd Ha3bIBAETCS
ONIUHOU TIYTH.

Omnpenenenune 1.25. [IyTe Ha3bIBaeTCA KOHMYPOM, EC-
JU €ro HadajibHas BEPIIMHA COBHAAAET C KOHEYHOU
BEPIIMHOM.

Omnpenenenue 1.26. [1yts (KOHTYp), B KOTOPOM BCE
IOYTU Pa3Iu4Hbl, HA3bIBAETCS NPOCMbIM.
Omnpenenenune 1.27. IIyte (KOHTYp), B KOTOPOM BCE
BEPILINMHBI, KPOME II€PBOM U MOCIEIHEU, PA3JIAYHBIL,
Ha3bIBACTCA 1€MEHMAPHBIM.

Crnenyer ycBOUTBH, YTO MOHATHUAM pebpa, map-
HIpyTa, LENU, MUKIAa B HEOPUEHTUPOBAHHOM Tpade
COOTBETCTBYIOT NOHSTHUS IyTH, IIyTH, OPUEHTHUPOBAH-
HOM 1enu, KOHTypa B OpUEHTUPOBAHHOM rpade. s
JAY4YIIero 3alOMUHAHUS NPUBENEM 3TU TEPMHUHBI B
tabmuue 1.1.

Taomuua 1.1.
HeopuenTtupoBanusbiii | OpueHTHPOBaHHBIN
rpad rpad
pebpo yTa
MapupyT Iy Th
LUK KOHTYP
Ilpumep 1.13.

B npusenennom Ha puc. 10. rpade Bbimeanm
CJIeIyIOLLUE Ty TH:
(X1,X2,X3,X4) — IPOCTOM AJIEMEHTAPHBINA MyTh, T.K. KaX-
Jasi BEpUIMHA U KaXKJasi Jyra UCIOoNb3y-
I0TCA HE 0oJiee OIHOTO pa3a;
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Teopust rpadoB HaXOAUT MPUMEHEHHWE B pas-
JUYHBIX O0JIACTAX COBPEMEHHON MaTeMaTHKd U ee
MHOTOUYHMCIICHHBIX TPUJIOKEHUH, B 0COOEHHOCTH 3TO
OTHOCHUTCSI K SKOHOMHKE, HaIlpHUMep, KOT/1a HAJ0 BbI-
OpaTb HaWIydlllMe BapUaHTHl Pa3BO3KH TOBApOB IO
MarasvHaM, CTPOMTENbHBIX MaTtepuaioB. IIpu cocras-
J€HUU OOJBIINUX MPOEKTOB, COJAEPKAIIUX pPa3InYHbIC
BUIBl pabOT, 4acTO BO3HUKAET CHUTyalus, Korjga Ty
WIA UHYI0 paboTy MOKHO HayaThb JHUIIb MO OKOHYa-
HUM Apyrux. Tak, mpU CTPOUTENBCTBE JIOMa HENb3s
MPUCTYNHUTh K OTACIIOYHBIM paboTaM, MOKa HEe BO3BE-
JICHBI CTEHbI, U HEJb3S BO3BOJUTH CTEHBI 10 YKIIAIKU
¢ynnamenTa. IlocienoBaTenbHOCTh paboOT M300paXka-
eTcsl B BHJE CeTeBBIX TrpadukoB. OHH MPUMEHSIOTCS
NpU TUTAHUPOBAHUH JIEATEIBHOCTH MPEATPHUSATHSL.

Hanpumep, 3Has naTy Hayaia CTPOUTENbCTBA U
BpeMsi, He0OXOAMMOE /ISl BBIMIOJIHEHUS KaX 10l pabo-
ThI, MOKHO BBISICHUTbH, K KAKOMY CPOKY CJIE€IYyEeT IO-
BE3TH MaTepHalbl UM MPUTIACUTh OpUTajbl CIierra-
JMCTOB: IUIOTHUKOB, MAJISIPOB, DJIEKTPUKOB U T. 1.

CereBble TpaUKH HUCHOJB3YIOT HE TOJBKO
CTPOMUTENHN, HO U KOHCTPYKTOPHI MAalllUH C OOJIbIIUM
KOJIMYECTBOM Y3JIOB M JI€Tayel, AUCIIETYEPhl JKeJe3-
HBIX JIOPOT U MHOTHE APYTHE CHEIIHATUCTHIL.

Paccmotpum npumMeneHue rpada B CTpOUTEb-
cTBe (puc. 6.2).
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BPEMEHU KaxkJas OakTepus JUO0 JNENHUTCS Ha JIBE HO-
BbIe, MO0 moruOaer. Torma miIsd IMOTOMCTBA OJHOM
OakTepuu MbI MOJTYUYUM JTBOMYHOE JIEPEBO.

Hac Oyzaet unTepecoBath JIMIlb OJJUH BOIPOC: B
CKOJIBKUX CIIy4asiX #n-€ TMOKOJICHHE OJHOW OakTepuu
HACUYMTHIBAET POBHO k MOTOMKOB? PekyppeHTHOE co-
OTHOIIIEHUE, O0003HAYaAIOIIee YHUCIO HEOOXOAUMBIX
CJIy4aeB, U3BECTHO B OHMOJIOTHHU O] Ha3BaHUEM TIPO-
uecca ['anproHa-Barcona. Ero MoxxHo paccmarpuBaTh
KaK 9aCTHBIN ClTydaid MHOTHUX 0OIUX (HOpMYII.

6.4. I'padsbi u pusuka

Eme HenaBHO ofHOM M3 HamboOjee CIOKHBIX U
YTOMHUTENBHBIX 3a/Jad I pajauoiao0uTeneil Obuio
KOHCTPYHUPOBAHUE NEYATHBIX CXEM.

ITeyaTHOM cXeMOM HaA3BIBAIOT IUIACTUHKY U3 Ka-
KOTr0-JIN0O0 AUAJICKTPHUKA (M30JIMPYIONIETO MaTepurarna),
Ha KOTOPOH B BUJIE€ METAIUTMYECKUX MOJOCOK BBITPAB-
JeHBI JOPOXKKU. IlepecekaTbest TOPOKKHA MOTYT TOJIb-
KO B OIIPEACIICHHBIX TOYKaX, KyJa YCTaHABIMBAIOTCS
HEOOXOMMBIE AJIEMEHTHI (IUOJIbl, TPUObI, PEIUCTO-
pBI U IpYTHUE), UX MEPECEUEHUE B IPYTUX MECTaX BbI-
30BE€T 3aMbIKaHUE JJIEKTPUUECKON LEIIH.

B xone pemenus 3Toi 3a1aud HEOOXOIUMO BbI-
YepTUTh IUIOCKUH rpad, ¢ BEpIIMHAMU B yKa3aHHBIX
TOYKaXx.

6.5. I'pad b1 1 3xOHOMHUKA
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(X2,X5,X6,X7,X2) — IPOCTON DJIEMEHTAPHBIM KOHTYD, T.K.
ATO 3aMKHYTHIN MyTh, B KOTOPOM BCE Y-
M W BEPIIWHBI, KpOME IEPBOH H TIO-

CJ'ICI[HGfI, Pa3JINYHBI.
X2 X4

X1 X7

X3

X6
Puc. 10.

1.6. CBsi3HoCTh rpada

Omnpenenenue 1.28. HeopuentupoBanHblil rpad Ha-
3BIBACTCSL CBA3HBIM, €CIA KaXKJas mapa pa3iudHbIX
BEpIIMH MOXET OBITh COEJIMHEHA, MO KpailHel mepe,
OJTHOM LIETIBIO.

Onpenenenue 1.29. OpueHTupoBaHHBINA rpad Ha3bI-
BAETCS CUILHO CBA3HbIM, €CIIA JUIsl JIIOOBIX JIBYX €ro
BEPIIMH X; M X; CYIIECTBYET XOTS OBl OJMH IyTh, CO-
CIMHSIOIINH X; C X;.

Omnpenenenue 1.30. OpueHTupoBaHHbIA rpad Ha3bI-
BACTCA OOHOCMOPOHHE CBA3HbIM, €CIIA ISl JIFOOBIX
NIBYX €r0O BEpILIWH, [0 KpalHEN Mepe, OJIHA TOCTUKHU-
Ma U3 IPYTOW.
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Onpenenenune 1.31. Komnonemmou ceaszHocmu He-
OpHMEHTHPOBAHHOTO Tpad)a HA3BIBACTCS €r0 CBSI3HBIN
noarpad, He SABISIIOUIMICS COOCTBEHHBIM MoArpadom
HUKAKOTO JPYroro CBSI3HOTO nojrpada AaHHOro rpa-
¢da (MakCUMaJIbHO CBSI3HBIN moarpad).
Onpenenenue 1.32. Komnonenmou cuibHou ce:A3HO-
cmu OPUEHTHUPOBAHHOTO Tpada HA3BIBAETCS €0 CUJTh-
HO CBSI3HBIN moarpad), He SABISIONTUNCS COOCTBEHHBIM
noarpag)oM HUKAKOTO JIPYTroTro CUILHO CBSI3HOTO MO/I-
rpada manHoro rpada (MaKCUMaJbHO CHJIBHO CBSI3-
HBII Toarpad).
Onpenenenue 1.33. Komnonenmou o0HocmopoHHell
CBA3HOCMU HEOPUEHTUPOBAHHOTO Trpada Ha3bIBAETCS
€ro OJIHOCTOPOHHE CBSI3HBIN MoArpad, He SBIASIOLIUN-
Cs COOCTBEHHBIM TOATpaOM HUKAKOTO JIPYTrOro Oi-
HOCTOPOHHE CBsI3HOTO ToArpada manHOTO Tpada
(MakcUMaIbHO OJTHOCTOPOHHE CBS3HBIN ToATrpad).
ITIycte G = (X, A) HeopueHTUPOBAHHBIN Tpad ¢
MHOXeCTBOM BepimiiH X = {xi, ..., x,}. KBaaparnas
marpuua S = (s;) MopsaKa 1, y KOTOpon

1, ecnu BepIIMHBI X; U X, NPUHAJICHKAT

Sij = OAHOM KOMIIOHEHTE CBSI3HOCTH,

0, B NpPOTHBHOM Ciy4ae

Ha3bIBaeTCs Mampuyell cesaznocmu rpada G.
Jlns  opueHTHpoBaHHOTO Tpada KBajmpaTHas
marpuna I' = (t;) nopsaka n, y KOTOpoi
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B mnoctpoeHHOM Trpade MOXKHO MEeperTH o
pebpam OT JIr00OM BepIIMHBI K JIFOOOW Ipyrou, u B
HEM HeT HMKJIOB. Takoi rpad Ha3pIBAETCS JIEPEBOM.

[IycTh MOJEKyIa CONEPKUT 7 AaTOMOB YIIIepoia
U m aTOMOB BOJIOpOJa, Toraa rpad Oyner coaepxaTh
n + m BepuuH. [lanee BoCmoyib3yemMcsi COOTHOILIEHU-
eM: B JIepeBe YUCIIo pedep Ha eIUHUIy MEHbIIE Yncia
BepinH. CriegoBaTenbHo, B Tpade n + m — 1 pebep.
N3 BepmmH rpada, 0003HaYAIOMKUX aTOMBI YIIIEpOa,
BBIXOJUT 10 4 pebpa, a U3 BEpIIMH, 0003HAYAIOIIUX
aToOMbI BOJOpOAa, — 0J1HO. Mcnonbe3ys npocTtoi (axr,
YTO CyMMa CTENEeHEHl BepIIMH, TO €CTh CyMMa 4Hclia
pebep, BBIXOMSIIMX W3 BEPIIUH, paBHA YIABOCHHOMY
quciay pedep (3TO YTBEPKICHHE OYEBUIHO, MOCKOJIb-
Ky Kaxa0e peOpo COeTMHSIET pOBHO 2 BEPIIUHBI, U Ha-
3BIBACTCS JIEMMOH O PYKOTOXKATHSAX), MOXHO HaITH-
caTb cooTHomeHus: 4n + m = 2(n + m — 1). Orcrona
nonydaem, uro m = 2n + 2. CnenoBarensHo, popmyma
HACBIIIEHHOT'O YIJIEBOJIOPOa, MMEIOIIEro 7 aTOMOB
yriaepoaa:

Cn H 2n + 2.

6.3. I'padbi u Ouosorus

JlepeBbsi UrparoT OOJNBIILYIO pOJib B OHOIOTHYE-
CKOM TEOpPUHU BETBALIUXCS IPOLECCOB. [ MpocToThI
MBI PaCCMOTPHUM TOJIBKO OJHY Pa3HOBHIHOCTH BETBS-
IIUXCS MPOLIECCOB — pa3MHOkeHue Oakrepuil. [lpen-
IIOJIOKUM, YTO YEpe3 OIPENEICHHBI MPOMEKYTOK
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Haiigute gopmyny HaCHIIIEHHOTO YTJIEBOJOPOA, CO-
JIepKaIIero 7 aTOMOB yTIIepoja.

PaccmoTpum rpad, B KOTOPOM BepIIMHAMH SIB-
JSIFOTCSL aTOMBI, a peObpaMu — COOTBETCTBYIOIIHNE Ba-
JICHTHBIE CBSI3U MEXAy HUMU. [lokakeM OT IPOTHUBHO-
ro, 9TO B Tpade HE CYIIECTBYET IUKJIA, TO €CTh BO3-
MOKHOCTH, TIepexoisi 1o pedpam rpada u3 BEpIIUHbBI
B BEpIIMHY, BEPHYThCA B UCXOJHYIO BepmuHy. Ecmu
IIUKJI €CTh, TO JIOJDKEH OBITh COCTaBJICH U3 aTOMOB yT-
Jepoja, MOCKOJIbKY BOJIOPOJ MMEET BAJICHTHOCTh 1 U
MOXKET COCTMHITHCS TOJIBKO C OJHUM aToMoM. B ciy-
9yae CYIIEeCTBOBAHMS ITUKIIA PA30PBEM CBSI3b MEKIY
JIBYMSI aTOMaMH YIJIepoaa M MPUCOCIUHUM K KaxI0-
My W3 HUX €lIe M0 aToMy Bojaopoaa. Yucio aToMoB
BOJIOPOJIa YBEIUYHTCS, 3HAYHUT, UCXOIHBIN Tpad omu-
CBIBaJl HE MOJIEKYJTy HACBIIIEHHOTO YTIIEBOAOPO/IA.

H H H H 8epULUHA
pebpo
H— C C C ¢ -+ H
H H H H
Puc. 6.1.
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;= {1, €CJIM CYIIECTBYET IyTh U3 X, B X,

0, B TIPOTHUBHOM CJIy4ac

Ha3bIBACTCS Mampuyei 0OHOCMOPOHHEU C8A3HOCMU
(0oocmuorcumocmu).
KBanparnas matpuna S = (s;;) nopsaka n, y Ko-
TOpOH
1, ecnu cymiecTByeT IyTh U3 X,
S =4 B X, M HIX B X,

0, B NPOTUBHOM Cily4yae

Ha3bIBACTCA Mampm;eﬁ CUTIbHOU CBAZHOCMU.

Ilpumep 1.14.

VY HeopueHTHpOBaHHOrO rpada, u300paxeHHO-
ro Ha puc. 11 1gBe KOMIIOHEHTHI cBsA3HOCTH. IlepBas
KOMITIOHEHTa CBS3HOCTH BKJIIOYAET BEPIIMHBI X, X3, X4,
Xs, @ BTOpasi COCTOUT U3 OJTHOM BEPILIUHBI X3.

Oxs3
X2 X4

X X5

Puc. 11.

ManI/IHa CBA3HOCTH 3TOI'O rpa(ba HUMCCT BU:
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e e i s T e
—_ = = =
S O = O 2
=
—_ = O = =

Mgsl BuguM, uto 1 —as, 2 —as, 4 —as u 5 — as
CTPOKH MAaTPHUIIbI S OJUHAKOBBI.

Ilpumep 1.15.

Y opueHTHpoBaHHOTO Tpada, U300paKEHHOTO
Ha puc. 12 1aBE KOMIOHEHTHl CHJIbHOW CBSI3HOCTH.
IlepBasi KOMIIOHEHTa CBA3HOCTH BKJIIOYAET BEPIIUHBI
X1, X2, X3, X5, @ BTOPasi COCTOUT U3 OJHOW BEPILUHBI Xj.
JleficTBUTENBHO, JUIS 000U mapbl BEpUIMH U3 MHO-
XKecTBa {xi, Xz, X3, X5} CYIIECTBYET XOTsI Obl OJUH
IIyTh, COCAUHAIOIIMN 3TH BeplIUHBI. Hanpumep, nyTh
(X1, X2, X5, X3, X;) COEAUHSICT BCE ATU BEpIIUHBI. U3
BEPIIUHEI X, HET MYTH HU B OJIHY BEPIIUHY rpada.

X3

X2 Xa

X1 X5

Puc. 12.
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6.2. I'padb1 u xuMus

Eme A. Konu paccmorpen 3amady O BO3MOK-
HBIX CTPYKTypaX HACBIIEHHBIX (WA TMpeleIbHbIX)
yTIEBOJOPOIOB, MOJIEKYJIBI KOTOPBIX 3aaaroTcst Gop-
MYJIOM:

Cn H2n+2

Bce arombl yriieBoiopoaa 4eThIPEXBaJICHTHBI,
BCE aTOMBI BOJIOPO/Ia OJJHOBAJICHTHBI.

Monekyna Kaxaoro MnpeaeiabHOro yrieBoaopo-
Ja mpeacTaBisieT coboil nepeBo. Eciu ynanuth Bce
aTOMBbI BOJOPOJIa, TO OCTABUIMECS ATOMBI YTJIEBOJIO-
pona Takxke OyAayT 0Opa3oBBIBaTH JEPEBO, KaxKias
BEpIUIMHA KOTOPOr0 UMEET cTeneHb He Bhie 4. Cre-
JIOBATEIbHO, YKCIO BO3MOXHBIX CTPYKTYp MpEleib-
HBIX YIJIEBOJOPOJOB, T.€. YHUCIIO TOMOJOTOB JaHHOTO
BEILIECTBA, PABHO YHUCIY JIEPEBHEB C BEPUIMHAMU CTeE-
MIeHU HE OOJIbIIE YETHIPEX.

Takum o00pa3om, TOJACUET 4YHCIa TOMOJIOTOB
peAeIbHBIX YIIIEBOJOPOJOB TaKkKe MPUBOJIUT K 3a]1a-
Yye O MEpPEUYUCIICHUU JIEPEBLEB OMPENICICHHOTO THIIA.
Oty 3aaa4dy u ee 0600meHust paccmotpen 1. [oita.

[IpuBenem cnenyrommii mpumep.

HacplleHHbIM yriIeBOAOPOAOM HA3bIBAETCS CO-
eaquHeHne artoma yriepoga C, MMEIOLIETO BaJEHT-
HOCTb 4, 1 BoJopoJia H, UMEIOIIEro BaJICHTHOCTH 1, B
KOTOPOM IpHU 3aJJaHHOM YHUCJIE aTOMOB yTJiepoja Co-
JIEPKUTCA HaWOOJBIIIEE YHUCIO aTOMOB BOJOPOJA.
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6. Ilpumenenne Teopun rpagos
6.1. I'padb1 u nHpoOpManus

JIBoMuHBIE AEPEBbS HIPAIOT BECbMa BAXKHYIO
poisib B Teopuu unpopmaruu. [Ipeanonoxum, 94To or-
peleIeHHOe YUCI0 COOOIIEHU TpedyeTcs: 3aK0upo-
BaTh B BHJIE KOHEYHBIX IIOCJIEIOBATEILHOCTEN pa3-
JIMYHOM JJIMHBI, COCTOSIIIMX U3 HYJIEU U eauHull. Eciu
BEPOSITHOCTH KOJIOBBIX CJIOB 3aJIaHbl, TO HAWIYyYIINM
CUMTAETCAd KO, B KOTOPOM CpPEIHSS JJIMHA CJIOB MU-
HUMaJIbHA TI0 CPaBHEHUIO C NPOYMMHM paclpejese-
HUSMHM BEPOSITHOCTU. 3aZadyy O IMOCTPOEHUU TaKOTo
ONTUMAJILHOTO KOJAa TMO3BOJISIET PEIIUTh AITOPUTM
Xaddmana.

JIBOMYHBIE KOJOBBIE JEPEBbS AOMYCKAIOT HWH-
TEPIPETALNIO B paMKax Teopuu Imoucka. Kaxmon
BEPIIMHE MPU 3TOM COMOCTABIISAETCS BOIIPOC, OTBETUTh
Ha KOTOPBIA MOYHO JMOO «Ja», MO0 «HET». YTBep-
JTUTEILHOMY U OTPHUIIATEIBHOMY OTBETY COOTBETCT-
BYIOT JIBa peOpa, BBHIXOISIINE U3 BEPIIMHBL. «Ompocy
3aBepIlaeTCs, KOTrJa yIaeTcsl yCTAaHOBUTH TO, YTO Tpe-
00BaJIOCH.

Takum oOpa3zoM, eciu KOMY-TO IMOHAZOO0UTCS
B35Th MHTEPBBIO y PA3IWYHbIX JIIOAEH, U OTBET Ha
ouepeHON BOMPOC OYIET 3aBUCETh OT 3apaHee HEeH3-
BECTHOTO OTBETA Ha MPEABIAYIIMH BOMNPOC, TO IUIaH
TaKOr0 UHTEPBBIO MOKHO MPEACTABUTh B BUJIE JIBOMY-
HOTO JepeBa.
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Marpuia cuibHOM CBSI3HOCTH 3TOro Tpada
UMeeT BU:

1
1
1
0
1

»—o>—¢>—¢’—‘
=
o - o o <
=

Mpsl BuguMm, uto 1 —as, 2 —as, 3 —asg u 5 — ast CTpOKu
MaTpHUIbI S OJITUHAKOBHI.

1.7. IlyTu BO B3BCIIEHHBIX OPHEHTHPOBAHHBIX
rpagax

Omnpenenenue 1.34. OpueHTUpOBaHHBIA Ipad Ha3bI-
BACTCSl HACPYHCEHHBIM, €CITU JIyTaM 3TOoro rpada mo-
CTaBJICHBI B COOTBETCTBUE BECa, TaK 4TO AyTe (X;, X))
COIIOCTABIEHO HEKOTOPOE 4YMCHO C(X;, X;) = C;;, Ha3bI-
BaeMoe 0uHou (MU 8ecom, WIH CMOUMOCHbIO) TYTH.
Omnpenenenune 1.35. /[iunou (unu eecom WIA Cmou-
MOCmbI0) TIyTU §, COCTOSIIETO M3 HEKOTOPOW Moce-
I0BaTEIbHOCTU YT (X;, X;), Ha3pIBaeTcad 4ucio [ (s),
paBHOE CyMMe€ JITUH JYT, BXOJSIINX B 3TOT MyTh, T.€.

[(s)= z Cij»

npudeM CYMMHPOBAHUE BEIETCS IO BCEM Jyram
(x;, x))e s. Marpuna C = (c;;) Ha3bIBaeTCs Mampuyei
ONuH Oye Ui Mampuyell 8ecos.

29



Omnpenenenue 1.36. Yetsepka (M, R, f, g) Ha3bIBaeTCS
NOMEYEHHbIM TpadoM, rae napa QyHKUuH f, g — 1mo-
METKa WUJIU pacnpeaeneHre Metok rpada G = (M, R) u

f: M — Sy (pacnpedenenue memok eepuiun),

g: R — Sk (pacnpeoenenue memox 0ye).

Jlnist BepiuHbl a € M sneMmeHT f (a) Ha3bIBaeTCs
BECOM BEPIIHMHEI a, IS AYTH U € R 31eMeHT g (u) —
BECOM JIYTH U.

Ilpumep 1.16.

Puc. 13.

Jns rpada, nzo0pakeHHOTo Ha puc. 13, matpu-
na C uMeeT BUJ:

—

o0

4
C: o0
3
o0
6

8 8 8 8 8
8 8 8 8
8 8 8 8 ™
8 8 8 w

JlnuHa myTH (X1, X2, X5, X4) paBHa 1 + 5+ 6 = 12.
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TEIbHO TepecedyeT OJHYy U3 Oyr. B mokaszarenbcTBe
€CTh 2JIEMEHTBhl UHTYUTUBHOCTU. CTPOTOCTh JIOCTHUTa-
€TCsl, €CJIM MO0JIb30BaThCsl meopemoil /Kopoana: Ilycthb
K — wmenpepbiBHas 3aMKHYTasl JIMHHUSI Ha TJIOCKOCTH.
JIuaus K AenuT miIoCKOCTh HAa BHEIIHIOI U BHYTPEH-
HIOIO O00JIaCTH Tak, 4YTo Jit00asi HEMpephIBHAS KpUBasi,
CoeUHSIoNIas Jo0y0 TOYKY BHYTpEHHEH o0iacTu ¢
HEKOTOPO¥ TOYKOW BHEITHEN 001acTH, epecexaet K.

Jlpyroe 10Ka3aTeIbCTBO OCHOBAHO Ha CIIEAYIO-
meit teopeme JI.Diinmepa (1752), crpaBemiuBoit st
JTF000T0 KOHEYHOTO TIIOCKOTO CBA3aHHOTO Trpada:

b+r=p+2,rne b—nopsagok rpada, p — 4uciIo
ero pedep U » — YUCJI0 €ro rpaHei.

B rpade b = 6, p = 9. Ecnu Obl1 rpad ObL1 ObI
mwiockuM, To » = 11 — 6 = 5. O603HauuM yepe3 &7’ —
YHUCJI0 k-yroJibHBIX TpaHeit rpada. Tornoa

I”:@"z‘f’@“g‘f’...,
2p=2er,+3ers+ ...,
TaK Kak Kaxaoe peOpo MPUHAMJICKHUT ABYM TPAHSIM.
CrnenoBarteibHO,
5267"24‘@"34‘...,
2p=18=2¢r,+3e7r5 + ...,
Tak xak €7/, =¢73 =0, 10
S=ersters+...,
18:467"4"‘567"5 +667"6+ coey
202467"44‘487"5 +467"6+
Otkyna cienyet, yto 18 > 20. Ilonyunnu npoTuBope-
que.
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Puc. 5.20.

[Tpeanonoxum, uto rpad AOMyCKaeT IJIOCKYIO
peanu3zaiuio. HauepTuM Ha IJIOCKOCTH HeEMepeceKaro-
mecs peopa AX, BX, VB, VC, CZ, ZA (puc. 5.21):

B
'Y

X

|

|

|

|

|

|
'®)
\

A

Puc. 5.21.

MOXHO CUMTaTh, YTO MOJYUYECHHBIN 3aMKHYTBIN
KOHTYpP OIIMCBIBAETCSI HENMPEPBIBHOM KpuBOU. [IpoBoas
HEIIEPECEKAIOIIMNECS HENpPepbIBHbIE JIMHUU AY u BZ,
MOYHO CUMTAaTh, YTO OJHA U3 HUX JICKUT BHYTPHU KOH-
Typa, a BTopas — BHe ero. Ho torma nyra CX o0s3a-
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Ilpumep 1.17.
Ilycte M = {ay, a,, as, a4},
R =[ay, a;] & [ay, a3] & [a1, a4] & [as, a4],
fiM— C,
rae C — MHOXKECTBO FOPOJIOB,
681

OMCcK a; a> HoBocubupck

KemepoBo a3

[TaBnomap as
Puc. 14.

g R— o,

f(a;) = Omck,

f(ax) = HoBocubupck,
f (a3) = Kemepogo,
f(ay) = TlaBnonap,

g ([a1, a2]) = 681,

g ([a2, a3]) = 274,

g ([a1, as]) = 413,

g ([a2, as]) = 589.

[Tomeuennsrii rpad (M, R, f, g) n3obpaxen Ha puc. 14
Y TIPEJICTABIIICT COOOM CXeMy aBTOMOOMIBHBIX JOPOT
C YKa3aHHEM HUX MPOTSHKEHHOCTH.

Nudopmarmto 0 Becax Iyr BO B3BEHICHHOM
rpade MOKHO TPEJCTABIATh B BHUIC MAMPUybl 8eCO8
W = (wy), rae w; — Bec nyru (a;, a;), eciau nyra (a;, a;)
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CYyHIECTBYET, a [Ji1 HECYIIECTBYIOIIMX MOyr Beca
0OBIYHO TIOMEYAIOT HYJIEM WJIM 3HAKOM 0O B 3aBHUCH-
MOCTH OT MPUJIOKEHUH. MaTpuiia BECOB UMEET BUJL

0 681 oo 413

681 0 274 589

W =
o 274 0 0
413 589 o 0

Ecmu rpap G = (M, R) aBusieTcst paspedicen-
HbIM, T. €. YUCIIO OyT R JOCTaTOYHO Majo MO CpaBHE-
HUIO C YHUCTIOM BepuinH M, 1o Oonee 3(hPeKTUBHBIM,
9eM C TOMOIMIbI0 MATPHUIBI CMEKHOCTH, SIBIISICTCS
npeAcTaBieHue AyT rpada MoCpeliCTBOM Chnucka oye.
DTOT CHUCOK 3ajaercs IByMs Habopamu m= (my,
my,..., mg) U n =(ny, ny,..., ng) , TA€ (A, ay) — -1 AyTra
rpada G.

Ilpumep 1.18.

Oprpad, n3o0pakeHHbIN Ha puc. 15, mpeacTaBiIseTcs
CJICTYFOIIIMM CITUCKOM JIyT:
m=(1,1,2,3,4,4),
n =(1,2,3,4,34).
O

as

: aj ar
G a{)

Puc. 15.
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Puc. 5.19.
Ha yuacTtke 3emim ObUIM MOCTPOEHBI TPU J0Ma
A, B, C u BBIpbITHI TpH Konoaua X, ¥V, Z. OT kaxmoro
U3 JOMOB MMeEJIach TPOMa K KaXJAOMYy U3 TpeX KOJOJI-
1eB (puc 5.19). CrycTss HEKOTOpOe BpeMsi 0OUTaTEeIn
1oMOB A, B, C OCCOPUITUCH APYT C APYTOM U PEIIUIU
IIPOJIOKHUTH JOPOKKH K Kojoamnam X, V, Z Tak, 94ToObI
10 IYTH K KOJIOAAM UM HE€ IMPUXOJIUIIOCH BCTpEYaTh-
csa npyr c¢ apyrom. CrpailivBaeTcs, MOYXHO JIM 3TO
caenarn?
Pewenue.
[TonbITKM pemIuTh 3Ty 3aJa4y MPUBOJAT K yOe-
KJEHUIO, YTO 3TO HEBO3MOKHO, XOTS YUCJIO TOUEK I1e-
peceueHust pedep MoxkHO cBecTH K 1 (puc. 5.20):
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KPBITHI HA PEMOHT. [lokaxxute, 4To U3 J1I000ro ropoaa
MOXKHO MpoexaTb B JKO0OW APYyrod Mo OCTABIIMMCS
JOporam.

Pewenue.

IIycts A 1 B — nannsie ropoja. [{okaxeM cHa-
yana, 4to u3 4 B B MOXXHO ObUIO MpoexaThb 0 3aKpbl-
TS Ha PEMOHT JIBYX J0por. PaccMoTpum Ijisi 3TOTO
IPOEKIHUI0 MHOTOIPaHHUMKA Ha HEKOTOPYIO MPAMYIO,
HE MEepPIEeHANKYIIPHYIO HU OJHOMY U3 ero peodep (mpu
TaKOW MPOEKLIHMH BEPIIMHBI MHOTOIPAHHUKA HE CIIU-
BaIOTCH).

Ilycte A'u B’ — npoexkuuu Touek A u B, a M' n
N' — KpailHME€ TOYKM HPOEKIMM MHOIOIpAaHHHMKA (B
touku M'u N’ npoeunpytorcs BepuinHbsl M u N). Ecnu
UJTH U3 BEPIIMHBI A TaK, YTO B MPOEKIUU JBHKCHUE
OyJeT NpouCXOAUTh MO HampasieHuto oT M’k N, 1o,
B KOHIIE KOHIIOB, MbI 00s13aT€IHHO MOMAaJeM B BEpILIU-
HY N. AHaJIOTUYHO W3 BEPIIMHBI B MOXHO MPONTH B N.
Taxum 006pa3om, MOXKHO mpoexath u3 A B B (uepe3 N).

Ecnu nonydensslii myTh U3 A U B IPOXOJIUT ye-
pe3 3aKphITYI0 JOpPOTry, TO €CTh ellle JiBa 00be3aa 1o
TpaHsM, JUIsl KOTOPBIX 3TO peOpo SBISETCS OOIIUM.
BTtopas 3akpbiTas opora He MOKET HaXOOUThCA Cpa-
3y Ha IBYX 3TUX 00Bbe3/ax. 3HaUuT, U3 Topoaa A B TO-
poa B MOXHO IpoexaTb, 0 KpalHEn Mepe, OOHUM
MyTEM.

3aoaua 5.18. (o Tpex qomMax M TPeX KOJOAIaX)

Jlnst mpencTaBieHUS paccMaTpuBaeMoro rpada mar-
puneil cMeXHOCTH Tpebyercst 5° = 25 37IeMEHTOB, a
CIIUCKOM YT — TOJIBKO 6 - 2 = 12 351eMEHTOB.

Hpyrum npencraBieHueM rpada, ya1oOHbIM mpu
paboTe ¢ rpadamMu, B KOTOPBIX YIAJSIOTCS HIIM 100aB-
JSIOTCS  BEPINUHBI, SIBISCTCS CMPYKMYPA CMEN’CHO-
cmu, TIoJTydaeMasi COCTaBJICHUEM JUTsl KaKJIOW BEpPIIU-
HBI @ CIIMCKa HOMEPOB €€ nociedosameriell, T. €. HO-
MEpPOB BEPILIUH b, 7151 KOTOPBIX UMeeTcs ayra (a, b).

Ilpumep 1.19.

Oprpad, n3o0pakeHHbIN Ha pucC. 15, mpeacTaBiIseTCs
CIIEAYIOUICH CTPYKTYPOH CMEKHOCTH:

BepmuHbl Cnucku nocnenoBarenen
l: 1,2
2: 3
3: 4
4: 3,4
5:

Jl5is HeHarpyXeHHOTro rpada BBEIEM IOHSITHE
Kpamyauwe2o nymu. IT0 MyTb ¢ MUHUMAJIbHBIM 00-
MMM YUCJIOM JIyT, NMPUYEM KaXaas Iyra CUUTaeTcs
CTOJIBKO pa3, CKOJIBKO OHA COAEPIKUTCS B 3TOM Iy TH.

JUIsi HaxOXJ€HUSI MUHUMAJIBHOTO MYTH MEXIY
JIBYMSI IPOU3BOJIBHBIMHU BEPIIMHAMU JUIsl CiIy4asi, KO-
raa Bce ¢; = 0 MOJKHO BOCIIOJIB30BaThCs IIPOCTBIM all-
TOPUTMOM JIeMKCTpBL.
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Aneopumm /letikcmpol

[Tycte Tpad G = (M, R) — B3BeuieHHbIN rpad,
W = (w;;) — MmaTpuna Becos rpada G., rae w; > 0; a; —
BBIJICJICHHBIN UCTOYHUK. 3aJ]a]TUM CTPOKY DY = (dl(l) ,
dz(l), v d,il) ), moJiarasi, 4to dl.(”z 0, dj(.l)z Wy, 1 £ J.
O6o3naunm depes 7' mMuokecTBO Bepumu M \ {a;}.
[Ipeanonoxkum, 4YTO HaA IIare S YXKe€ OIpPeesICHbI
ctpoka DY = (d*, ..., d\), u MHOXeCTBO BepuIHH
T,. BeiOkpkM Teneps Bepuinty a; X T, Tak, 4o

d" = min {d;”|a, €T}

[Tosoxum
— +1) _ s+1 s+1

T =T\ {a;}, DV =(d"", ..., A,

rae d* = min {d\”, dj(.s)+ wy b, ecmn ap Q] Tyep, 1
d* = d¥, ecnn a; Q, Ty

Ha wrare s = n — 1, o6pasyercs ctpoka D "~

W-PaCCTOSSHUM MEXKAY BEPIIMHOM d; U OCTaJbHBIMU
. gD _

BepiunHamu rpada: d," ' = p, (a;,q;).

)

B oOmem ciydae 3ajaya pemaercs ¢ moMoIbio
anroputmoB Dnoiga, @opaa, bemimana u ap.

AJITOPUTMBI HAXOXKAEHUSI MUHUMAJIBHOTO MyTH
MOTYT OBITh MCIOJIb30BaHbI JIJIsl MOMCKA KpaT4arImx
nyTel B OpUEHTUPOBAaHHOM Tpade 6e3 KOHTYpoB. s
ATOTO HYKHO Ka)XIOW Ayre MpUIHCaTh BEC, PaBHbBIN
EMHULIE.
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3aoaua 5.16.

B cocrtaBe »skcneaumuu OOJDKHO OBITH 6 crie-
I[MAJTMCTOB: OMOJIOT, Bpay, CHHOMNTHUK, TUJIPOJIOT, Me-
XaHUK U paauct. UMeetcs 8 kaHIMIAaTOB, U3 KOTOPBIX
U HY)XHO BBIOpaTh YYaCTHMKOB JKCIICIUIIMH; YCIOB-
Hble UMeHa npeteHaeHToB: 4, B, C, D, E, F, Gu H.
O06s3anHOCTH OMONIOTa MOTYT MCTIONHATh E U G, Bpa-
ya — A u D, cunontuka — F' u G, ruaposiora — B u F,
panucta — C u D, mexanuka — C u H. [IpenycmoTtpe-
HO, YTO B JKCICJIUIINH KaXIbI U3 HUX OyJET BBIMOJI-
HATHh TOJIBKO OAHY 0Osi3aHHOCTh. Koro u B Kakoi
JOJDKHOCTU CIIEyeT BKIIOYUTHL B COCTaB JKCIIEIU-
Mo, eciii F He MoxkeT exaTtb 0e3 B, D —0e3 Hu C, C
HE MOXET exaTh BMecTe ¢ G, 4 — BMecTe ¢ B?

Pewenue.

3amMeTuM, 4TO 3aJaTh BO3MOXHBIN BapHaHT pe-
HIEHUs, TO €CTh OMUCATh TOYHBIM COCTAB SKCIIECAUIINH,
MOKHO C TIOMOIIbI0 YeTHOTO Tpada, B KOTOPOM Bep-
IIMHBI pa3JielieHbl Ha JIBE TPYMIIbI, a pedpa MOTYT CO-
€IUHSATD JIUIb BEPIIMHBI PA3HBIX FPYIIII.

[TpumenuTenpHO K 3a7a4e 00 SKCIIEAUITUN OHA
rpyIina BEpIIMH €CTh Ipynma u3 8 KaHIuIaToB, a BTO-
past — u3 6 JOJDKHOCTEMN.

3aoaua 5.17.
[1nanera umeer Gopmy BBITYKIOTO MHOTOTPaH-
HUKa, IPUYEM B €r0 BEPIIMHAX PACIOJIOAKEHBI FOPOJa,
a Kaxjoe pedpo sBisieTcss noporoi. JIBe moporu 3a-
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1 {1 l1 -1 0 0 O -1 -1 -1

2|-1 -1 0 1 -1 O O O O

3(0 0 1 -1 0 1 O O O

40 0 O O 1 -1 1 1 1

1 2 3 4 5 6 7 8 9
3aoaua 5.15.

Haitgure nukn, coaeprxamnili Bce BEPLIUHBI J0-
J€Ka’Ipa, MpUYeM B TOYHOCTH IO OJHOMY pa3y Kax-
IYI0.

Pewenue.

Otot muki: 1, 2, 3, 4, 5, 6, 19, 18, 14, 15, 16,

17,7, 8,9, 10, 11, 12, 13, 20. DTOT LUK Ha3bIBACTCS

raMUAJIBTOHOBBIM ITUKJIOM (puc. 5.18).
16

159 b 17

_20
14 18
Puc. 5.18.
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1.8 Aaropurm ®@opaa — bessiMmaHa HaX0KIAeHU S
MUHHMMAJILHOTO IIYTH

[Ipeanonaraercs, 4TO OPUESHTUPOBAHHBIN Tpad
HE COJICPKUT KOHTYPOB OTPULIATEILHOM JIJINHBI.

Aneopumm 1. (Aneopumm @opoa — bernmana)

OCHOBHBIMH BBIUHCIISIEMBIMU BETUYHHAMH 3TO-
ro aJropuT™Ma sBJAI0TCS Bennuunsl A; (k), roe i =1, 2,
..., n (n — uucno BepmuH rpada); k=1,2, ... ,n— 1.
Hns ¢uxcupoBanHbIX i M k BenuuuHa A;(k) paBHa
JUIMHE MUHMMAJIbHOTO IMYTH, BEAYIIETO U3 3aJIaHHON
HaYaJIbHOW BEPIIMHBI X B BEPIIUHY X; U COACPHKAIIETO
He OoJiee k TyT.
Llae 1. YcranoBka Ha4aldbHBIX yCIIOBHI. BBecTH unc-
J10 BepIIUH rpada n u Marpuiy BecoB C = (c;).
Llaz 2. Tlonoxuts k = 0. IHonoxurs 4; (0) = oo nns
BCEX BEPIIHH, KpOME X|; MOJ0XUTh A, (0) = 0.
Illlae 3. B mukne no k, k=1, ..., n — 1, Kaxaon Bep-
IIMHE X; HA kK — OM 11are mpunucarb uHaeKe A4; (k) mno
CIIEYIOIIEeMY MPaBUITY:

A4k = min {4, (k= 1)+ ¢} (1)

JUIs1 BCEX BEPIIUH, KPOME X1, TOJIOKUTH 4, (k) = 0.
B pesynberare paboThl anroputMa GOpMHPYETCS
TaOJINIa UHIEKCOB

Aik),i=1,2,...,n, k=0,1,2,...,n—1.
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IIpu stom A; (k) ompenenser AIMHY MUHHUMAIbLHOTO
IyTH U3 MEPBOIl BEPIIMHBI B [ — Y10, COJEPKAIIETO HE
Ooree k myr.

llaz 5. BoccTaHOBIEHHE MUHUMAIBHOTO IyTH. Jliid
1000  BEPIIHUHBI X, TIPEANIESCTBYIONAs €l BepIInHa
X, ONIPENENAETCS U3 COOTHOLICHUS:

/1;’ (I’l - 2) + Crs = ls (I’l - 1): Xr € G71 (xs)’ (2)

1
rae G (x,) — mpooOpa3 BEPIIUHBI X;.

JInst HauIEHHOW BEPILIMHBI X, PEAIIECTBY OIS
€il BEpIIMHA X, ONIPEAEIAETCH U3 COOTHOIICHHMS:

_ -1

An=3)+c,=A4m-2), x,€ G (x),

-1
rae G (x,) — mpooOpa3 BEPIIUHBI X, U T. 1.

[TocnenoBarenbHO NPUMEHSE 3TO COOTHOIIE-
HUE, HAYMHASA OT IIOCJIEAHENW BEPIIMHBI X;, HAUJIEM MU-
HUMAJIbHBIN Iy Th.

Ilpumep 1.20.

C nomouipo areopumma I HANAEM MUHHUMAJb-
HBII TIyTh U3 BEPITUHBI X| B BEPIINHY X3 B Tpade, n3o-

OpaxxeHHOM Ha puc. 1.16.
Xz g X3

X5 4 Xa

Puc. 1.16.
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ay; = 1 — U3 2 BBIXOAUT OJHA CTPEJIKA K BEPIIUHE 3;
ar4 =0 — U3 2 HE BBIXOJUT HU OJHOM CTPEIKH K
BepIIUHE 4;
a3 = 1 — U3 3 BBIXOAUT OJHA CTpEJIKA K BEpIIUHE 1;
a3, =0 — u3 3 He BBIXOJUT HU OJHOM CTPEJIKU K BEP-
IIIUHE 2;
ay; =0 — npu 3 HET meTeb;
a3, = 1 — 13 3 BBIXOAUT OJ[HA CTPEJIKA K BEPIIUHE 4;
a4 =3 — u3 4 BBIXOJUT 3 CTPEJNIKU K BEPIIUHE 1;
ap =1 — 13 4 BBIXOAUT OJ[HA CTPEJIKA K BEPIIUHE 2;
as3= 0 — 13 4 He BBIXOOUT HHU OJIHOM CTPEJIKU K BEP-
e 3;
as= 0 —11pu 4 HET NeTENb.
Ctpoum oprpad (puc. 5.17).

Puc. 5.17.

Jliss MOCTpOeHHOTO Tpada 3amuiieM MaTpUIly HHIH-
JNEHTHOCTH:
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Jana matpuna

AW N~
—_ W = OO

o —_= O O N
w o O = O
O = OO

[TocTpoiiTe oprpad, ajis KOTOpOro JaHHAs MaT-
puLa SBISAETCS MaTpuled cMexHocTtu. Hannure mar-
pUIly HHIIUICHTHOCTHU oprpada.

Pewenue.

Jlia nmoctpoenust oprpaga ero BEpIIMHE OJHO-
3HAYHO COIIOCTaBUM TOYKY Ha IUIOCKOCTH. JlaHHas
MaTpHIa CMEKHOCTH UMEET YETBIPE CTPOKU U YETHIPE
CTOJNIOIIa, CJIEeI0BATENbHO, B oprpade YeThipe BepIu-
HEL: 1, 2, 3, 4.

[Ipoananu3upyeM 3J€MEHTBI MAaTPULIBL:
a1 = 0 — nopu BepmmHe | HET neTens;

@12 = 2 — U3 BEPIINHBI | BBIXOIAT IBE CTPEIKU K BEP-
IIHHE 2;

a1;3=0—wu3 | HE BBIXOJUT HU OJJHOM CTPEJIKU K BEP-
IIMHE 3;

a14= 0 —wu3 | HE BBIXOJUT HU OJJHOM CTPEJIKU K BEP-
muHe 4;

a1 = 0 — u3 2 He BBIXOAUT HU OJHOU CTPEJIKU K BEp-
muHe 1;

ay =0 —npu 2 HE TeTelb;
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Paccmotpum  moapoOGHO paboTy anroputrma
®opaa — bemimana amg 3TOro npumepa. 3HauYCHUS
UHJEKCOB /A; (k) OyzeM 3aHOCUTH B TaOJIMITy WHIEKCOB
(Tabmn. 1.2).
lllaz 1. BBenem uucio BepinH rpada n = 5. Marpurna
BECOB ATOTO rpada UMeeT BU/I;

o 1 o 3
w o 8 7 1
¢= w o o 1 -5
oo o 2 00
oo o o 4 o

Hlae 2. Tlonoxnm k=0,

41(0) =0, 4 (0) = 43 (0) = 44(0) = 45 (0) = oo.
DTH 3HAYEHUsI 3aHECEM B TIePBbI cTonber Tad. 1.2.
Hlae 3. k=1.

A1 (1) =0.
PasenctBo (1) nis k= 1 umeeT BU;
A1) = min {4,(0) + ¢3.

A1) =min{A1(0) + c12; 4(0) + c22;

A3(0) + c32; A4(0) + cap; A5(0) + 505} =

=min{0 + 1; o + 00; 00 + 00; 00 + 00; 00 + 00} = 1.,
A3(1) = min{4,(0) + ¢13; 4(0) + 235 43(0) +
+¢335 A4(0) + ¢35 A5(0) + c535F =

=min{0 + o0 ;00+ 8; 00+ 0; 00+ 2; 00+ 0} =00,
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14(1) = I’I’lll’l{ﬂq(O) =+ Cl4, 22(0) =+ Co4, 23(0) =+

+ 345 A4(0) + cas; As(0) + Cs45f =
=min{0+ o0 ;00 + 7,0+ 1;0+00;00+4} =00,
As(1) = min{A,(0) + c15; 12(0) + c255 43(0) +

+ ¢35 A4(0) + cus; As(0) + ¢s554 =
=min{0+ 3; 0+ 1;00—5; 0 + 00; 00 + 0} =3,

[Tonyuennsie 3Hauenust A; (1) 3aneceM BO BTO-
poil cronben Tabnuipbl. YOexagaemcs, YTO BTOPOMH
CTOJIOEI], HAYMHAasl CO BTOPOIO 3JIEMEHTA, COBMAAAET C
NEPBOM CTPOKOW MATPHUIIBI BECOB, YTO JIETKO OOBSICHS-
€TCsl CMBICTIOM BenuduH A; (1), KOTopble paBHbBI IJTUHE
MHUHUMAJIBHOTO MYTU W3 IMEPBOM BEPIIMHBI B i—YIO,
cozepakailero He 0oyiee OAHON TyTH.

k=2.

A1 (2)=0.

PasenctBo (1) nnst k = 2 umeer Bu:

4i(2) = {2/251 {4 )+ i}
L(2)=min{0+1; 1+ 00; 0+ 00; 00+ 00; 3 +00} =1.
A3(2) =min{0 +oo; 1 + 8; 00+ 00; 00+ 2; 3 + 0} =9,
A(2)=min{0+oo; 1 +7;0+ 1,00+ 00;3+4}=7.
As(2)=min{0+3; 1+ 1;0—5;0+00; 3+ 00} =2.

[Tonyuennsie 3HaueHUs1 A,(2) 3aHeCeM B TPETUI
cronoOer] Tabnuipl. Bennuunsl 4,(2) paBHBI JUIMHE MU-

HUMAJIBHOTO TYTH W3 MEPBOM BEPIIMHBI B —YIO, CO-
JieprKamiero He 6osuee AByX AyT.
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3aoaua 5.13.

Jano muoxectBo V = {1, 2, 3, 4, 5}. Ha atom
MHOY>KECTBE 3ajlaHo oTHomieHue f: x > y. Iloctpoiite
oprpad TaHHOTO OTHOIIEHHS.

Peuwenue.

JlJis TOro 4to0Bl MOCTPOUTH Oprpad HaHHOTO
OTHOIIEHUS f: X > ), U300pa3uM BCE DJIEMEHTHl MHO-
KECTBa J TOUKaMM Ha TUIOCKOCTU W TIPOBENIEM CTpPEII-

Ky OT KaXI0TrO OONBIIer0 4YHCia K MEHBIIEMY
(puc. 5.16).

4

Puc. 5.16.

3aoaua 5.14.
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MOJAMHOYKECTBAa MHOKECTBA YMOPSAT0YCHHBIX
map (vi, v;) R VxV.

2. N306pa3zure oprpad.

3. ITocTpoiiTe MaTpUIly CMEKHOCTH.

Pewenue.
1. V= {V], Vo, V3, V4, V5}.
MHokecTBO map:
{(vi, v), (vi, v3), (v1, vs), (v3, V1), (V3, W), (v3, V5),
(v, v1), (vs5, V1), (Vs, v2), (vs, v3), (s, Va), (Vs, Vs) .

2. Cwm. puc. 5.15.

Puc. 5.15.
101 0 1
0000 0
3 1 10 0 1
1 000 0
111 11
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k=3.
A1(3)=0.
PasenctBo (1) nnst k = 3 umeer Bua:
A4(3) = min {4(2)+ gl

H(3)= min{0+1; 1+0;9+00;7+00;2+00}=1.
A3(3)=min{0+o0; 1+8; 9+00;7+2; 2+00}=9.
A(B)=min{0+o; 1+7;, 9+1; 7+00;2+4}=6.
As(3)=min{0+3; 1+1; 9-5; 7T+ o0;2+0}=2.

[Tonyuennsie 3HaueHust A; (3) 3aHeceM B 4eT-
BepThIi cTonOer] Tabmuipl. Bemwmuunblr 4; (3) paBHBI
JUTMHE MUHUMAJIBHOTO IMYTH U3 MIEPBOW BEPIUIUHEI B i—
yI0, COIepKaIlero He 6oiee Tpex AyT.

k=4.

A1 (4)=0.

PasenctBo (1) nnst k =4 umeer Buu:
Ai(4) = 1r£111£r51 {43)+ ¢}

LH(4)= min{0+1;1+00;9+00;6+00;2+0}=1.
A3(4) =min{0 +o0; 1 +8; 9+00;6+2; 2+00}=8.
Ag(d)=min{0+o0; 1 +7; 9+ 1; 6+00;2+4} =6.
As(4d)=min{0+3; 1+1; 9-5; 6 +00; 2+ 00} =2.
[Tonyuennsie 3HaueHUs A; (4) 3aHeceM B TSITHIM
cronber; Tabnuipl. Benwmuunsl 4; (4) paBHBI IIuHE

MUHHMAJIBHOTO IYTH W3 IMEPBOH BEPIIMHBI B i—YIO,
coJieprKaliero He 6ojee YeTplpex ayT.
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Tabnuua 1.2.

1 (HOMC
o A0 A | a0 | a6 | A
1 0 0 0 0 0
2 o 1 1 1 1
3 o o 9 9 8
4 o o 7 6 6
5 00 3 2 2 2

[laz 5. BoccTaHOBIIEHHE MUHUMAIBHOTO IMyTH. JlJist
IIOCJICIHEW BEPIIMHBI X3 IPEAIESCTBYIOIIAS €l Bep-
IIMHA X, ONIPEJICNISIETCA U3 COOTHOIIEHHUS (2) MOJydYeH-
HOTO TIpH § = 3:
LB3) +en=Ak@), xe G(x),(3)
rie G ' (x3) — mpoo6pa3s BEPIINHEI X,
G (x3) = {2, x4}

[ToncraBum B (3) mocienoBaTenbHO ¥ = 2 U ¥ = 4, 4TO-
OBl OIPECIUTh, AJISI KAKOTO 7 3TO PABEHCTBO BBIMOJI-
HSICTCS:

AB) ten=1+8%4;(4)=8,

14(3) +C43:6+2:/13(4):8.

Takum 00pa3oM, BEPIIMHOM, TIPEANICCTBYOIEH
BEPUINHE X3, IBJIETCS BEPIINHA X4.
JIns1 BepLIMHBI X4 TPEAIECTBYIOIIAS €M BEPILIN-
Ha X, ONpPEIENSAETCS U3 COOTHOLICHHUS (2) MOIyYEHHO-
ro npu s = 4:
A2 Fes=2B), xeG W), (#

40

Puc. 5.14.

Pewenue.

Marpuia CMEKHOCTH

A0 1 1 0 O
B|{1 0 1 0 1
ci{1 1 0 1 1
D|0O 1 1 0 O
E{0O 1 1 1 O

A B C D E

Marpuiia UHITUACHTHOCTH

A (1 1 0 0 O 0 O

B |1 O O O 1 1 O

c|10 1 1 0 0 1 1

DO O 1 1 0 0 o0

E 0O 0 O 1 1 0 1

1 2 3 4 5 6 7
3aoaua 5.12.

3agan rpad G (V, E), tae V= {vi, v2, V3, V4, Vs};
Ev={vi, vs, vs}; Ev,= i Ev.= {vi, va, vs}; Ev,= {vi};
EVSZ {Vl, Vo, V3, Vg, V5}.
1. 3anaiite rpad ¢ MOMOIIBIO OMHAPHOTO OTHO-
IICHUSA, T. €. COBOKYITHOCTH MHOXecCTBa V H
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JIOB B BepmMHY. Jlajmee ompeaenuM YacTHYHYIO TOJI-
CTaHOBKY, COCIUHSS BEPIITUHBI X;; U V;, C OJUHAKOBHI-
MU yuciaamu (puc. 5.13).

xi1(1,1) x(1,1) x33,2) xa(1,2) x5(2,2) x6(2,2) x7(1,1)

»2,2) »(1, 1) »3(2,2) ya(1, 1) ps(1,2) ye(l, 1) y1(3,2)

Puc. 5.13.
B pesynbraTe moiay4dum mojcTaHOBKY

(xl X, X X, X, X, x7j
Yo Vo Y7 Vs V3 N Ve

CnenosarenbHo, rpadbl C; u C; U30MOpQHBI.

3aoaua 5.11.

Jliis HeopueHTUpoBaHHOTO Tpada, n3olOpaxeH-
HOTO Ha puc. 5.14, moCTpolTEe MaTpPUIly CMEXHOCTU U
MaTpUIly UHUIHUJIEHTHOCTH.

rae G (x4) — Ipo06pa3 BEPIIHHBI Xy,
G (x4) = {x2, X3, X5}

[ToncraBum B (4) nocnenoBarenbHo ¥ =2, r =3 ur=>3,
YTOOBI OMPEACIIUTD, JJIsI KAKOTO 7 3TO PABEHCTBO BbI-
MOJIHSETCSA:

/12(2) + Coy = 1 +7?’—'/14(3):6,

A3(2) tey=1+1%44(3)=6,

/15(2) +C54:2+4:/14(3):6,

Takum oOpa3zom, BEpIIUHON, MPEIIIECTBYIONIEH
BEPLINHE X4, IBJIIETCS BEPLINHA Xs.

JInst BEpIIMHBI X5 MPEIIIECTBYIONIAs €1 BEPILHN-
Ha X, OMPENEeNAeTCs U3 COOTHOIIECHUS (2) MOTy4YEeHHO-
ro opu s = 5:

A(D)+es=252), x.eG(xs),(5)
rie G (x5) — IpOO6GPa3 BEPIINHBI Xs.
G_I(X5) = {Xl, XZ}.

[ToncraBum B (5) mocnegoBaTenbHo ¥ = 1 U r = 2, 4TO-
OBl OTIPENICTNTH, JIJISI KAKOTO 7 3TO PAaBEHCTBO BHITIOJN-
HSIETCSL:

A1) tes=0+3#45(2)=2,

/12(1) +C25: 1+1 :/15(2):2,

Taxum 00pa3zom, BEPIINHOM, MPEAIECCTBYIOIIEH
BEPLIMHE Xs, IBJIIETCS BEPLIMHA X).

JInst BEpIIMHBI X; MPEIIIECTBYIONIAs €1 BEPILHN-
Ha X, ONpEJENsAeTCs] U3 COOTHOIICHHUS (2) MOJy4EeHHO-
ro npu s =2:
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0 +co=2(1), xeG'(x),(6)

rae G (x,) — mpoo6pa3 BEPIIHHBI X,.
G '(x2) = {x1}.

[TonctaBum B (6) » = 1, 4TOOBI ONpPEACIIUTH,
BBITIOJIHSAETCS JIU 3TO PAaBEHCTBO:
/11(0) +012:0+ 1 :/12(1): 1.

Takum 00pa3oM, BEPIIMHOM, TIPEANICCTBYOIEH
BEPILHHE X;, IBIISIETCS BEPIIMHA X].

Hrak, HalilcH MUHUMAJIBHBIA TTYTh — X|, X7, Xs,
X4, X3, €70 JUTMHA paBHa 8.

1.9. AnropuTm HaX0KICHUA MAKCUMAJIBHOIO IYTH

[Ipu pelnieHNN HEKOTOPBIX MPAKTHUYECKUX 3a7ad
BO3HHUKAET HEOOXOJUMOCTh IMOMCKA MaKCHMAaJIbHOTO
nyTH (myTH ¢ HanOobIIe cymmont muH ayr). Takas
3a/1a4a CBOJUTCA K 3aJ]a4e HaXOXKJACHUS MUHUMAIIbHO-
ro MyTH 3aMEHOW 3HAKOB MPH JIIMHAX IyT (B MaTpulie
BecoB () Ha mpoTUBOMOJIOXKHBIE. [Ipr 3TOM HEOOXO-
JTUMBIM SIBJIIETCSl TPEOOBAHUE OTCYTCTBUSI B OPUEHTHU-
poBaHHOM rpade KOHTYPOB MOJOKUTEIHHOMN JJIUHBI.

Ilpumep 1.21.

C noMonipto MOIU(UIHPOBAHHOTO aJITOpUTMa
HalJIeM MaKCHMaJbHBINA IIyTh U3 BEPLIUHBI X| B BEp-
HMIMHY X3 B Tpade, n3o00paxkeHHoM Ha puc. 1.17.

42

Puc. 5.11.

Anamm3upys rpad, moixydaem CIEAYIOUIN MOPSIOK
JBWOKCHUS: KpacHasi, YepHasi, CUHsA, 3eJIeHasl, Oernasl.

3aoaua 5.10.

[Tycts mansl rpader G, (X, E) u G, (V, E), u3o-
OpaxeHnble Ha puc. 5.12. YcraHoBure, u30MOp(HBI
7V TaHHBIE TpadFbl.

Pewenue.

Jlns nokazatenbctBa Toro, uro rpad C; wu3o-
Mopen rpady C, HEOOXOOUMO M AOCTATOYHO BbI-
MIOJTHEHUE YCJIOBHSA: HAWTH TaKylO MOJICTAaHOBKY, KO-
topas rpad C; nepeBoaut B rpad Cs.

X7
£ Xg

X2

X3

G, M

Puc. 5.12.

3anuiiem 37eMeHTE X X X 1y ' ¥V ¢ cooTseT-
CTBYIOLIMMH MM IapaMH 4HCENl, TI€ MEPBOE YHCIIO —
YHCII0 UCXOJ0B M3 BEPLIMHBI, & BTOPOE — YHCIIO 3aXO0-

135



TUW DJIEMEHT BTOPOU CTPOKH W T.A. MI3MeHeHue siie-

2 2
MeHTa €3 =8 1o cpaBHennmto ¢ ¢ =10, cBssaHHOE

C TCM, YTO CTOMMOCTD ITPOXOKACHUA U3 V; B V3 110 11Yy-
TW paHra 2 oOKazajnach MCHbIIIC, YCM CTOMMOCTH IIPO-

XOXKJIEHUS N0 NyTh padHra 1. MuHUManpHasg ke

4
CTOMMOCTD IMPOXOKACHUSA 01(3) =5 MoJIydcHa I10 IMyTH

panra 4.
3aoaua 5.9.

N3 nyHkTa A B MyHKT B BbleXaly MATh MalllMH OJHOMU
MapKd pa3Horo IBera: Oenas, yepHas, KpacHas, CH-
Hsid, 3e7eHast. YepHas eqeT Buepeau CUHEH, 3eJIeHas —
BIIepeId OCJION, HO T03aJi CHHEH, KpacHas BIEpEIu
yepHou. Kakasg MammHa efer mepBoM W Kakas IMo-
cienHen?

Pewenue.

Pemaem 3amauy, moCTpOWB OPUEHTHUPOBAHHBIN
rpad 11 OTHOILIEHUS fi «x eleT c3aau y». Ha mmocko-
CTA OTMETHUM IISITh TOYEK, COOTBETCTBYIOIINX KaXKIOW
MallivHe, ¥ 0003Ha4YMM UX TepBOM OyKBOM I[BeTa Ma-
muHbI (puc. 5.11).

b q K
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Puc. 1.17.

lllaz 1. BBenem uncio BepiuH rpada n = 5. Marpura
BECOB ATOTO rpada mociie 3aMeHbl 3HaAKOB MPH JJIMHAX
JyT HA IPOTUBOMOJIOKHBIE UMEET BUJL:

o -1 o oo -3
o o -8 -7 -1
C=low © o o 5
0 o —2 w ©
o o o -4 o©

Hlae 2. Tlonoxum k=0,

41(0) =0, 4 (0) = 43(0) = 44 (0) = 45 (0) = .
OTH 3HAYEHUs 3aHECEM B MEPBBIM cTOIOEI] TalIu-
el 1.3.

Hlae 3. k=1.
A1 (1)=0.
PasenctBo (1) nis k= 1 umeeT BU:
Ai(1)= gljlgsl {4(0) + ¢}
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A(1) = min{,(0) + c12; A2(0) + c22;

A3(0) + ¢325 44(0) + can; A5(0) + ¢s05} =

=min{0 — 1; 0o + 00; 00 + 00; 00 + 00; 00 + 0} =— 1.
/13(1) = I’I’ﬂl’l{/h(()) + C13, /12(0) + Co3,

A3(0) + c33; A4(0) + cq3; A5(0) + cs35 =

= min{0 + c0; 00 — 8; 00 + 00; 00 — 2; 0 + 0} =0,
Aq(1) = min{A1(0) + c1a; 42(0) + c24;

A3(0) + 345 A4(0) + caa; A5(0) + 543} =

= min{0 + 00; 00 — 7; 00 + 00; 00 + 00; 00 — 4} =00 .
As(1) = min{,(0) + cs; A2(0) + c25;

A3(0) + 355 44(0) + cus; A5(0) + cs55) =
=min{0—3;0—1; 0+ 5; 00+ 00; 0+ o0} =-3,

[Tonyuyennsie 3Hauenusa A; (1) 3amecem BO BTO-
poil cronben Tabnuipbl. YOexagaemcs, YTO BTOPOMH
CTOJIOEL], HAYMHAasl CO BTOPOIO 3JIEMEHTA, COBMAAAET C
NEepPBOM CTPOKOM MATPHUIIBI BECOB, YTO JIETKO OOBICHSI-
€TCsl CMBICTIOM Benu4uH A; (1), KOTopble paBHbBI IJTUHE
MUHHMAaJIbHOTO MyTH W3 MEPBOM BEPIIUHBI B I—YIO,
coJieprKaliero He 6ojaee OAHON AyTH.

k=2.

A1(2) =0.

PasenctBo (1) mis k = 2 umeeT BU/;

4i(2) = glg {4 (1) + ¢}
(2) =min{0 — 1;—1 + 00; 00 + 00; 00 + 00; —3 + 00} =— 1.
A3(2) =min{0 +o00; -1 —8; 0+ 0;00—2; -3+ 0} =-9.
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3ateM, 4YTOOBI BBIYUCIUTH TEPBBIA CTOJIOEI
matpursl C” GepeM BTOPOit (BBIIETCHHBIH) CTONOEII
MaTpHULIbI C” u yMHOXkaeM (B TOnyKonble R') ero
AJIEMEHTHI MO OYEPENHM Ha NEPBBIM DJIEMEHT BTOPOU
(BbLICIICHHOI) cTpokH Toit xe Marpuisl C. Kaxoe
TaKo€ MPOU3BEIAECHUE CKIIA/IBIBAEM B MOJYKOJbLE C
OJTHOMMEHHBIM 3JIEMEHTOM IEpPBOro CTOJNOLA MaTpu-
et C*. [ToCKONBKY YMHOXEHHE B TIONYKONbIe R —
3TO apU(PMETUUYECKOE CIIOKEHUE, a CIOXKEHUE — B3S-
THUE€ HAaUMEHBILIEr0 U3 JBYX YHCEJ, MbI IIOJy4YHM CJIE-

TYIOLIUE 3JIEMEHTHI IEPBOT0 CTOIOIa MATPHUIIBI @.

(2) _ n: @ LM )
¢, =min{c,’,c;, +¢y

(2) _ : @n @ M _ —
¢y =min{c,;, ¢ +¢;; = min{eo, 00} = oo,

() _ i gD D) D _
¢;, =min{c;,,¢;, +¢,, =min{oo,00} = oo,

@) _ in g L0 L) _
¢,/ =min{c,/ ,c,, +c,/ =min{3,00} =3.

=min{0,0} =0,

Kak BuanM, iepBsiii cronGer; matpursr C7 ne
MU3MEHWJICS 10 CPaBHEHUIO C MEPBBIM CTOJIOIIOM Mart-
pumsl C”. D10 03Hauaer, 4TO HENB3SA yMEHBIINTH
CTOMMOCTb IPOXOXACHUS B IIEPBYIO BEPIIMHY U3 APY-
IMX BEpHIMH rpada, Has uYepe3 BTOPYIO BEpUIMHY
(cmoTpu puc. mpuMmepa 2).

TouyHO Tak e JJId BBIYUCIEHUS BTOPOIO
CTOJIOIa MaTPHIIbI C?. Ymuoxaem BTOPO# cronben
C" wa BTOPOM AJIIEMEHT BTOPOM CTPOKM TOM K€ MarT-
pULBL, I BBIYUCIEHUS TPETHErO CTOJIOLA — HA Tpe-
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w 8 8 8

UCob3ys hopMyiy (4), MOCIe0BaTEIbHO HAX0 UM

0O 5 10 1 0 5 8 1
o 0 3 oo o 0 3 o
C(l) — C(2)
o 1 0 oo o 1 0 o
3 8 4 0 3 8 4 0
0O 5 8 1 0 5 5 1
o 0 3 o o 0 3 o
O = W =
o 1 0 ool o 1 0 o
3 5 4 0 3 5 4 0

Hanpumep, marprna C? o MaTpuLe C" BpI-
ancisiercs Tak. CHadyama Bbigenum B C/ BTOPYIO
CTPOKY M BTOPOM CTONOEI;

01510 1
co—| = 0l 3 o
o 1] 0 o
318 4 0
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A4(2) =min{0 +o0; -1 —7; 0+ 00; 00+ 00; -3 -4} =—8§.
As5(2)=min{0—3;—-1—1; 0+ 5; 0+ 00; -3 + 00} =—3.

[Tomyuyennsie 3HaueHus 4; (2) 3anecem B TpeTUit
crosidenr Tabnuibl. Bemuuunbl A;(2) paBHBI JIMHE
MUHHUMAaJIBHOTO MyTH W3 TIEPBOM BEPIIUHBI B I—YIO,
cozepkaiiero He 0oyuee IByX JIyT.

k=3.

4(3)=0.

PasenctBo (1) nis k = 3 umeeT BU:
Ai(3) = {E]l}} {4 (2) + ¢}

HB)=min{0—1;—1+00;—9 +00; -8 +00;—3+00} =—1.
AB3)=min{0+o00;—1—-8; -9 +o0;-8—-2; -3 +00} =—10.
AB)=min{0+o00;—1-7;—9+00; 8 +o0; -3 -4} =—8.
A(3)=min{0-3;—1-1;-9+5; -8 +00;—3+00} =—4.

[Tonyuennsie 3HaueHust A;(3) 3aHeceM B 4eT-
BepThIi cTosben Tabnuipl. Bemwmunael A;(3) paBHBI
JUTMHE MUHUMAJILHOTO IyTH U3 TEPBON BEPILUHBI B i—
Y10, COJIepKaIlero He 0oyee Tpex IyT.

k=4.

41(4)=0.

PasenctBo (1) s k = 4 umeeT BU;

Ai(4) = E}g {43) ¢}
HA)=min{0—1;—1+00;— 10+ 00; -8 +00; —4 + 00} =—1.
(4)=min{0+o0;—1—-8;—10+00;—8—2;—4 + o0} =—10.

45



A(4)=min{0+o0;—1—-7;—10+00;—8 +o0; —4—4} =—8&,.
A(4)=min{0-3;—-1-1;-10+5; -8 +00; -4 + o0} =—5.

[Tonyuennsie 3HaueHUs A; (4) 3aHeceM B TSITHIM
cronOer; Tabnuipl. Benwmuunsl 4; (4) paBHBI JIIuHE
MUHHAMAJIGHOTO TyTH W3 TEPBOH BEPIIMHBI B i—YIO,
coJieprKaliero He 6ojee YeTplpex ayT.

Tabmanma 1.3.
1 (HOMEC
BGI()H.II/IHEI»)I) A(0) | A1) A(2) A(3) A(4)
1 0 0 0 0 0
2 0 -1 -1 -1 -1
3 o) 0 -9 -10 -10
4 0 0 -8 -8 -8
5 0 -3 -3 -4 -5

3amenuB B Tabnuie 1.3 oTpulaTenbHbIC YKCIIA
TIOJIOKUTEIIbHBIMU, TIOJTyYUM TAOJIUIy WHICKCOB MaK-
CUMaJIbHBIX myTer (Tabnuma 1.4). Ilpu satom A; (k) on-
pedenseT MIMHY MaKCUMaJIbHOTO TYTH W3 TEpPBOU
BEPIIMHBI B i—yI0, COJIEpKaIlero He 6onee k ayr.

Tabmamma 1.4.
i (Homep ‘ _ ‘ | |
pepmmme) | A0 | AL | A | AG) | 4@
1 0 0 0 0 0
3 o0 o0 9 10 10
5 o0 3 3 4 5
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a.,i#*j
PR

l+a,,i=j

Torma Marpuny croumoctend C = A" MOxHO
HAliTH, BBIYUCIAS MOCIENOBAaTeabHO MaTpuisl C7,
k =1, n mo popmymnam (2), (3).

Boeruucnenns no ¢gopmynam (2) u (3) obpasyror
aneopumm @notida — Yopwenna — Knunu onpenene-
HUSI CTOUMOCTH MPOXOXKJICHUS MEXKIY JIOOBIMU Mapa-
MU BEPIIIHH.

Jlns nonykonen B u R B cuily TOro, 4To B HUX
uTeparys J00To dJIEMEHTa X paBHA €IUHUIIE TOTY-
KOJIblIa, TOJIyYUM YTNPOIIEHHBIA BapuaHT (OPMYJIbI

(2):

8 _ L) (D) (D)
cij _cij +cik ij . (4)

Brrancnenus o ¢popmyne (4) HAUUHAIOT € MaT-
puubl onpezensemMoi cootHomeHueM (3). Bece paib-
Heilne BBIYHUCICHUS YIOOHO TaKKe IPOBOJIUTH B
MaTpudHOM BHae. Jlist HaxoxmeHust matpuisl C™
yI06HO ompeaenuTh cHadana mMarpuiry D™, smements
KOTOPOU BBIUUCIAIOTCA 1O (hopMyIie

(k) _ (k=) ,(k-1)
di =cy ey (5)

Yto6bl HaiiTH j — i croxder marpuis D™, oc-
TatouHo k — it cronben Marpuist C* ymuoxuTE Ha j
— 1 2JIEMEHT k — i CTPOKM ITOU K€ MaTPHUILIBL.

Jlnst mamero rpadga C” = A, roe marpuua A
UMEET BH/I:
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IIpu nepBoM crnocobe ciefoBaHUs CTOMMOCTh
IPOXOXKAECHUSA W3 BEPUIMHBI V; B V; 10 BCEM MYTIM

panra, He 6onbiuero k — 1, cocraBurc) ™ .

ITpu BTOpOM cmocoOe cileOoBaHMsI CTOMMOCTh
MPOXOXKJIEHUS U3 V; B Vi IO BCEM IYTSIM paHra, He

ooxpiiero k — 1, oyner paBHa ¢* . CtoumMocTs mpo-
9 ik

XOXKIACHUA U3 Vi B Vi IIO BCEM 3dAMKHYTBIM IIYTAM paH-

ra, He Oombinero kK — 1, cocraBur ¢y .

CTtouMOCTh TPOXOXKACHUS W3 BEPIIUHBI V; B
BEpIIMHY V; TI0 IyTH paHra, He Oojbinero k£ — 1, pas-

Hac; " (cmotpu puc. 5.10).

Takum 00pa3zoMm, CTOMMOCTb MPOXOXKICHUS IO
MyTH paHra, He OOJBIIEro k, MPU yKa3aHHOM CIoco0e
CJIE0BaHUs COCTaBUT

e e ey (D)

Onucanue «ImyTemecTBUS) U3 V; B V; O MYTIM
panra, He 00JbIIero k, MPUBOAUT K cieayromen Ghop-
MyJI€ ISl BBIUUCIEHUS eMeHTa Matpuubl C':

el = e (e ) ey (2)

IlycTh a;; — 2neMeHTBl MaTPHIIbI METOK IyT OpHU-
eHTupoBaHHoro rpada. I[lockoapKy KaXKIplii MyTh
panra 0 MeXQy HECOBHAJAIOIMIMMH BEPIIMHAMM CO-
CTOMT U3 OJHOW JYIH, a KaKJas BEPIINHA JTOCTHXKUMA
cama u3 ce0s Mo MyTH HYJEBOM IJIMHBI C METKOH 1
WIM 10 METJIE C METKOH aj;, TO 3JEMEHThl MaTpPHUIIbI
C"” umeror Bux:
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[laz 5. BocCTaHOBIIEHUE MAKCUMAJIbHOTO IYTH IIPO-
U3BOJIUTCA MO TOMY K€ IpaBWIy, YTO U JUIsI MUHU-
MaJbHOI'O MYTH.

JlnuHa MakcuMalibHOTO MyTH paBHa 10. DrtoT
MyTh COCTOUT U3 Tpex nyr, T. K. A4; (3) = 4; (4) = 10.
[ToaTOMy B cooTHOIIEHHH (2) OyIeT BBINOJIHEHO, Ha-
yuHas ¢ n — 1.

VYuureiBasg 3TO 3aMedaHue, IS TMOCIECIHEN
BEPIIMHBI X3 MPEAIIECTBYIONIYIO €l BEpIIMHY X, OIpe-
JIEJIMM U3 COOTHOILEHHUS (2) MOTYyYEHHOTO IpH s = 3:

L) +es=2103), x.e G '(x),(7)
rie G (x3) — IpOO6Pa3 BEPIINHBI X3.
G_I(X3) = {Xz, X4}.

[ToncraBum B (7) mociaeaoBaTenbHo ¥ =2 U r = 4, 4TO-
OBl ONpEeNeNuTh, UIsl KAKOTO 7 3TO PABEHCTBO BBIMOJI-
HSETCA:

/12(2) + Cy3= 1+8 ¢13(4): 10,

/14(2) + C43 = 8+2= 23(4) =10.

Taxum 00pa3zom, BEPIIMHON, MPEAIECCTBYIOIMIEH
BEPIIMHE X3, IBJSIETCS BEPIIMHA X4.

JIns BepLIMHBI X4 NPEALIESCTBYIONIASA €1 BEPILIN-
Ha X, ONpeaeNseTcs U3 COOTHOUEHUS (2) MOTy4YeHHO-
ro npu s = 4:

A(D)+ceu=04Q2), x.e G '(x),(8)
rae G '(xs) — mpooGpa3 BEPIIMHEI X;.
G (xs) = {x2, x5}
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[ToncraBum B (8) mocnenoBarenbHo ¥ =2, r =3 ur=>3,
yTOOBI OMPEACIUTD, JAJIsI KAKOTO 7 3TO PABEHCTBO BbI-
MOJTHSAETCS:
/12(1) + Corq = 1 +7:/14(3): 8,
/15(1) +C54:3 +4?’—'ﬂ.4(3):8,
Takum oOpa3zoM, BEpUIMHOM, MpeIIeCTBYOIEH
BEPILHHE X4, IBIISIETCS BEPIIMHA X;.
JI1s1 BEpIIMHBI X, TPEAIIESCTBYIONIAs €l BEPILIN-
Ha X, ONpEJENsAeTCs] U3 COOTHOIICHHS (2) MOJIy4eHHO-
ro npu s = 2:
ﬂvr (O) + C = ;1'2 (1)9 Xr€ G_l(xZ)a (9)
rae G (x,) — Ipoo6pa3 BEPIIHHBI X,.
G '(x) = {x1}.
[TonctaBum B (9) = 1, 4TOOBI ONIPEETUTH, BBHITOTHS-
€TCs JIM 3TO PABEHCTBO:
/11(1) +C12:O+ 1 :/12(1): 1.
Taxum 00pa3zom, BEPIIMHON, PEAIIECCTBYIOIIEH
BEPILHHE X;, IBIISIETCA BEPIINHA X].
Urak, HailieH MakCUMAaIbHBIN OYTh — X|, X2, X4,
X3, €ro JiuHa paBHa 10.

1.10. lepeBbsi

Onpenenenue 1.37. Heopuenmuposanuvim Oepesom
(M1 IPOCTO Oepesom) Ha3bIBACTCS CBSI3HBIN rpad 0e3
[IUKIJIOB. DTOMY OIPEACIICHUIO SKBUBAJICHTHBI, Kak
JIETKO TI0Ka3aTh, CIAEAYIOIIUE ONPEACIICHUS:
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Puc. 5.10.

0 BCEM TYTSM paHra, He nmpeBocxojsiero k. Ee aie-
MEHT c{) COJEPKHUT CTOMMOCTb HPOXOXKICHUS U3

BEPLIMHBI V; B BEPIIMHY V; IO BCEM ITyTAM paHros 0, 1,
k=1, k.
BeiBenieM popmyily A BBIYMCIEHUS 3JIEMEHTA

k
¢ MaTpuIBI C". Tlo myrn panra, He GombIuero k, u3

BEPIIMHBI V; B BEPIIMHY V; MOKHO TMPOUTH CIICTyIO-

[IUMU CIIOCOOaMM:

1) unsg w3 BEpIIMHBI V; B BEPIIMHY V; 10 HEKOTOPOMY
yTH paHra, He MPEBOCXOAIIETO k — 1, T.e. MUHYS
BEPIIHHY Vy;

2) cHavama uas U3 V; B V; 110 TIyTH PaHra, He OOJBIIETO
k — 1, 3aTeM «IOKPYTHUBIIKMCHY JTHO00E YUCIIO pa3 (a
MOKET OBbITh, U HU pa3y) MO KaKOMY-JIMOO0 KOHTYPY
WK 1I000MY 3aMKHYTOMY TIYTH U3 Vi B V; paHTa, HE
Oompirero k — 1, U, HaKOHEI, U/ U3 BEPITUHBI V; B
BEPIIMHY V; TI0 TIyTH paHTa, He Oosbiero k — 1 (cM.
PUCYHOK).
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raTh, YTO BCE BEPIIMHBI IPOHYMEPOBAHBI MOJPS Ha-
TypaJIbHBIMHU YHCIIAMH, HAUUHAsA C 1.
Ilyts v, v, >..—>V, JUIMHBI /M HAa3bIBAIOT

nyTeMm paHra k ipu m > 1, ecnu k — Haubosblee cpe-
Iy 4ucen iy, ..., I, 1 myteMm panra 0 npu m = 1.
I1yTh HyJI€BOM JMJIMHBI TAKKE CUUTAIOT IyTeM panra 0.
Takum 00Opa3zoM, paHT IyTH — 3TO MAaKCUMAaJIbHBIN HO-
Mep BEpLIMHBI, B KOTOPYIO pa3peuieHo 3aXOIUTh IO
OyTH U3 v; B V; (MCKJIIOYas BEpIIMHBL v; U V;). IlyTh
panra 0 He COIEPXKUT NPOMEKYTOUHBIX BEPILIHH.
MaxkcuMaibHbIi paHr IIyTH B OPUEHTUPOBAHHOM I'pa-
(e mpu yKazaHHOM BBIILIE CIIOCOOE HyMepaluu paBeH
YHCIIy €r0 BEPIIMH.
3aoaua 3.8.
B opuenTtupoBanHOM rpade, n300pakeHHOM Ha
puc. 5.10, nyTh v; — v,—V; UMEET paHr 4,
V4 — V>V, —panr 1,
Vi = V2V —=> V2
V4 — V3—V, — paHr 3,
V4 — V—V3;— V,— PaHr 3,
V4 — V,—V; —V3; — V; — paHr 3.
OnpenenuTs MaTPUILy CTOUMOCTEM.

Pewenue.
% o
O6o3HauuM 4epe3 c® MaTpUIly CTOUMOCTEMN
MPOXOXKICHUS MEXY Pa3IMUYHBIMU TTapaMH BEPIINH

k-1)

a) JIEpEBO €CTh CBA3HBINA rpad, CoAepKalluil n
BEpIIUH U n — 1 pebep;

0) nepeBo ecth rpad, JItoObIe JBE BEPIUIMHBI KO-
TOPOTO MOXHO COCIMHUTH MPOCTOH IIETIBIO.

IIpumep 1.22.

I'padsl, n3o6pakennsie Ha puc. 1.18, saBugroTCS
JIEPEBBSIMHU.

al &) &)
Puc. 1.18

Ecnu rpad HecBsi3HBIN M HE UMEET LUKIIOB, TO
KaXkast ero CBA3Hasi KOMIIOHEHTa OyneT aepeBoM. Ta-
KO#l rpad HasbIBaeTcs iecom. MOXKHO HHTEPIPETUPO-
BaTh puC. 1.18 Kak yec, COCTOAINN U3 TPEX EPEBHEB.
Omnpenenenue 1.38. Ocmognvim Oepesom CBSI3HOTO
rpada G HaszbIBaeTcs Jir000# ero moarpad, comepika-
Ui Bce BepiInHbI Tpada G U SABIAIOMIMIICS 1EPEBOM.

IIpumep 1.23.

s rpada, nzobpaxkennoro Ha puc. 1.19 a),
rpadst Ha puc. 1.19 6) u 1.19 B) SABASAIOTCS OCTOBHBI-
MU JICPEBbSIMU.
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a) &) &

Puc. 1.19.

ITycte rpad G umeet n BepiuH u m pedep. Tak
KaK BCSKOE JICPEBO C 71 BEPIIUHAMHU I10 OIPEICTICHUIO
umeet n — 1 pebdep, To M0060€ 0OCTOBHOE JIepeBO Tpada
G moyJaercs U3 3Toro rpada B pe3yJsibTare yIaacHusI
m—(mn—1)=m—n+1pebdep.
Onpenenenune 1.39. Uucno y = m —n + 1 Ha3piBaetcs
YuKIOMamuyeckum yuciom rpada.

1.11. MuHuMAaJIbHBIE OCTOBHBIE JIePEeBbSI
Harpy>KeHHbIX rpa¢oB

IIycte G — CBSI3HBII HarpyeHHbI rpad. 3axa-
4a MMOCTPOCHUSI MUHUMANLHO20 OCMOBHO20 0epesa 3a-
KJIFOYAETC B TOM, YTOOBI M3 MHOXECTBA OCTOBHBIX
JIEPEBHEB HAWUTHU JIEPEBO, Y KOTOPOrO CymMMa JIJIUH pe-
O0ep MUHUMAJIbHA.

[IpuBenemM TUNMYHBIE CIy4Yad, KOrJAa BOSHUKAET
HEOOXOIMMOCTh MOCTPOCHHSI MHUHHUMAJIBHOTO OCTOB-
HOTO JiepeBa rpada.
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B HEM HYJIEU MOJYKOJIbIIa BO BTOPOM U TPETHEU CTPO-
Kax TOBOPUT O TOM, UTO BEPIINHA V; HE TOCTHKUMA U3
BEPILIUH V, U U3 V3.

AHaIOTMYHO BBIYMCIIAIOTCS OCTalbHBIE CTOJO-
(bl MaTpULIbl A*. Pe3ynbpTaT OyAeT Clieyonnm:

0 5
o 0
o 1

3 5 4

JInst  JaHHOTO MPOCTOTO0  OPUEHTUPOBAHHOTO
rpacda JIerKo COMOCTaBUTh MOJYUYECHHBIA anredpanue-
CKHMIl pe3ysbTaT C PEe3yIbTaTOM «BU3yaJIbHOTO» aHa-
Ju3a OpUeHTHpoBaHHOTO Trpada. Paccmorpum, Ha-
npuMmep, mapy BepiuH (v;, v;). B opueHTHpOBaHHOM
rpade ecTh pa3MYHbIC IMYyTU U3 BEPIUIMHBI V; B BEp-
IIMHY V3. BBIUUCINM METKU MO npocmuim nymsam. 11o
nyTd v; — V4—V3; CyMMa METOK paBHa 5, MO NyTH
v; — v;— 10, a mo mytu v; — v,— v; — 8. Kparuaiiiiee
paccTostHue — 5, 4TO COBMHAAAET C OTBETOM, MOJy4EH-
HBIM aJIreOpandecKu: JIEMEHT a,, TAKXKE PaBeH 5.

1

S W W

© 8 8

Ectp eme oawH cmoco0 BBIYHMCICHUS 3aMbIKa-
HUSI MaTPHIIBI C JIEMEHTAaMH B 3aMKHYTOM TOJTYKOJTb-
nie. OH OCHOBaH Ha MOHATHUS IyTH paHra k U3 BepIU-
HBI V;, B BEPIIUHY V.

[Iycts B opueHTHpOBaHHOM rpade BblOpaHa U
3auKkcUpoBaHa HyMmepalusi BepuiuH. bynaem mosna-
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N3 nmepBoro ypaBHEHHs] CUCTEMBI Cpasy CIEIy-
eT, yTo x; = 0, TaKk Kak OJIHO W3 CJIAracMbIX B MpPaBOMU
yacTh ecTh neMeHT 0. HanmoMHuM, 4TO utepanus Jro-
00ro sJeMeHTa B pacCMaTPUBAEMOM TOJIYKOJbIIE PaB-
Ha €IMHMIIE MOJYKOJblLA. YUHUTHIBasg 3TOT (PakT, w3
BTOPOI'0 YPaBHEHHUS I10Iy4acM

Xy = 2*(3X3 400 ) = 3X3

Hckimroyast x, U3 OCTaIbHBIX YPAaBHEHUM CHUCTE-

MBI ¥ YUUTBIBAs, 4TO X1 = 0, mosryyaem

X=3 X3 + o0
x3=1C3x;) +oo
Xq4= 3-0 +4.X3 + o0,

Jlanee, U3 BTOPOro YpaBHEHUSI UMEEM

x3 = (1-3) x3 +o0 = 4x3 +o0
OTKyJa X3 = 4*:00 = 00, ¥ IOATOMY
x4=3-0+4-0=3+00 =23,

[ToacraBnsiss HalJAEHHOE 3HAYCHUE X3 B BbIpA-
KEHUE TS X,, TIOJydaeM X, = oo, [IepBbIit cTonberr uc-
KOMOM MAaTpHIbl BBIYUCIICH:

0

o0

o0

3

OTOT CcTOJNOCI COACPKUT KpaTHauIlue paccTos-
HUS OT BCEX BepiIvH rpada 10 BepiuHsl v;. Hanmuuue
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a) Hy>xHO COeTMHUTH 7 TOPOJIOB KEIE3HOTOPOIKHBIMU
JMHUSAMA  (aBTOMOOWJIBHBIMH ~ JIOPOTAMH, JIMHHSIMHU
AJIEKTpOIIepeaad, CeThi0 TPyOONPOBOIOB U T.1.) TakK,
9YTOOBI CyMMapHas JUIMHA JIMHUNA UM CTOUMOCTD ObLiia
Obl MUHUMAJILHOM.
0) TpebyeTcst MOCTPOUTH CXEMY DJIEKTPUUECKON CETH,
B KOTOPOM KJIEMMBI JOJKHBI OBITH COEUHEHBI C TO-
MOIIIBIO IMPOBOJIOB HAMMEHBIIEH OOIICH JTHHBI.
3amauy MOCTPOCHUS MUHUMAJIBHOTO OCTOBHOTO
JIepeBa MOKHO PEIIUTH C TTIOMOIIBIO CIEAYIOIIETO all-
rOpUTMa.

Aneopumm 2. (Aneopumm Kpackana)

[llae 1. YcraHOBKa HaydaJIbHBIX 3HAYeHUiIl. BBognTcs
Mmatpuna s pedep C rpada G.

lllaz 2. BeiOpath B rpadge G peOpo MHUHHUMAaIbHOU
musbl. [octpouts rpad G,, cocTosmMil U3 TaHHOTO
pebpa 1 UHIUACHTHBIX eMy BepinuH. [1010XKuTh i = 2.
lllae 3. Ecnu i = n, Tne n — uucio pedep rpada, To 3a-
KOHUYUTH padoTy (3amaua perieHa), B MpOTUBHOM CITy-
yae MepelTy K mary 4.

Ilae 4. Tloctpouts rpad G; . |, nobasuss k rpady G;
HOBOE peOpO0 MUHUMAJLHOWM JJIMHBI, BHIOPAHHOE Cpe-
a1 Bcex pebep rpada G, kaxaoe U3 KOTOPHIX MHIIU-
JCHTHO KakoW-HUOy b BepiinHe rpada G; 1 0OTHOBpE-
MEHHO MHIUACHTHO Kakoh-HHOYyAb BepinHe rpada G,
He coaepxameica B G;. Bmecre ¢ 3tum pedpom
BKJIFOYaeM B G + | M MHIUJECHTHYIO €My BEpIIUHY, HE
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coaepxamnytocs B G;. [IpucBauBaem i: =i + | u nepe-
XOJUM K mmary 3.
Ilpumep 1.24.

Harinem mMuHMMAanpHOE OCTOBHOE JEPEBO IUIA
rpada, uzoodpaxeHnHoro Ha puc. 1.20.

X4
1 3
1
X1 5 X5

Puc. 1.20.

Illaz 1. YcTaHoBKa HaYaIbHBIX 3HAYCHUIA.
Brenem matpuity niun pedep C:

o 1 o 1 5
I o 2 1 3
CzooZoo 4 o
I 1 4 o 3
5 3 o 3 o
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PEIICHUC HYXHO MCKAaTb, UCIIOJB3Yysl MCTOJ MCKIIIOYC-

HUSL.
3aoaua 5.7.

s rpada, uzobpakeHHOro Ha puc. 5.9, BbI-
YUCIIATh MATPULy KpaTYaWIINX PACCTOSIHUM, Mepenas
K HOJTyKONbIy R .

Pewenue.

B3BerniennbIii OpueHTUPOBAHHBIN rpad 3amaet-

CA CIIENYIOLIEH MaTpuLen A.

o 5 10 1

o 2 3 oo
A=

o 1 o o

3 o 4 o

Cucrtema nJisi BBIYKMCIICHHUS TEPBOTO CTOJOIA
MaTpHIlbl A* UMeeT BUJl

X1= 5)(?2+ 10X3+ 1X4+0
Xy = 2X2+3X3 + o0
X3 = 1X2 + 00
X4:3.X1 +4.X3 + o0

OOpaTuM BHMMaHHE Ha HIOAHCHI, CBS3aHHBIC C
paboToii B momykonse R': smementsl 1 u 0 He sBIS-
I0TCSI SIMHUIICH U HYJIEM ITOJTYKOJIbIIA, T.C.

x#x+0,x#1x
B 00IIIEM CliTydae.
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S U S G w—y

AHAJIOTUYHO BBIYMCIISIEM TPETUH U YETBEPTHIN
CTOJIOLBI U B pE3YJbTATE MOJydyaeM MaTpuiy 4*:
1 I 1

1
. [0 11
A =
011
1 11

— O O

AHanu3 3TOM MaTpulbl MOKa3bIBAE€T, UYTO JaH-

HBIN rpad CBA3EH U UMEET JIB€ OUKOMITIOHEHTHI:
{vi, vaf, {v2, v3}

B nonykossiie B MOXKHO YNPOCTUThH pEIIEHUE
CUCTEM YpaBHEHHUH, BOCIOJb30BaBLINCh CBONCTBAMU
noaykospa. JIerko BUIETh, YTO HAUMEHBIIEE pellie-
HUE YPAaBHEHUS

n
X, = Z ax, +1
i=1

€CThb X; = | ¥ He 3aBUCHUT OT 3HAYECHHI NIEPEMEHHBIX B
IIpaBoM 4YacTu ypaBHeHHs. M3 mepBoro ypaBHEHUS
cpa3y noaydaeM x; = 1. Torga yerBeproe ypaBHEHUE
IIPUHAMAET BUI X4 = X3 + 1, oTKyna x4 = 1. Ilockonbky
X1 ¥ X4 HE BXOIAT B OCTABLIMECA JBA YPAaBHEHUs, UX
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lllaz 2. Bribepem pebpo MUHUMAaNIbHOU JIIUHBI. Mu-
HUMaJIbHas JJuHA pedpa paBHa eauHuIe. Takux pe-
oep Tpu:
(xl, Xz), (Xl, X4), (XZ, X4).
B stoMm ciiygae MoxHO B3sTh 1t000€. BozbMeM (x1, X»).
[Toctpoum rpad G,, cocrosmuii U3 gaHHOTO pedpa u
UHITUJCHTHBIX €My BEPILIUH X| U X;. [lomoxum i = 2.
Illaz 3. Tak KaKk n =5, TO i # n, MO3TOMY IIEPEXOIUM K
mary 4.
Ilaz 4. Ctpoum rpad G; nobasmuss k rpady G, HOBoe
pedpo MUHUMANILHOM JJIMHBI, BEBIOpAHHOE CPEeu BCEX
pebep rpada G, Kaxoe U3 KOTOPBIX UHIUJIEHTHO OJ-
HOM W3 BEpIIMH X, X, 1 OJHOBPEMEHHO HMHIIMJICHTHO
Kakoii—HuOy b BepiinHe Tpada G, He copepxKamieiics
B (55, T.€. OJTHOM M3 BEPIIUH X3, X4, X5. T aKUM 00pa3om,
HY’KHO BBIOpaTh peOpO MHUHUMAJILHOW NIJIUHBI U3 pe-
oep (x1, x4), (X1, X5), (X2, X3), (X2, X4), (X2, X5). Takux pe-
Oep JUTMHBI eMHUIIA JIBA:
(x1, x4) 11 (X2, X4).
MoxHo BbIOpaTh Jdt000€e. Bo3bMem (x;, x4). Bmecte ¢
3TUM pebOpoM BKIo4YaeM B (3 BEpIIMHY X4, HE
coaepxaimrytocs B G,. [lomaraem i = 3 u nepexoaum K
mary 3.
Illaz 3. Tak Kax i # n, MOATOMY MEPEXOIUM K mary 4.
lllaz 4. Ctpoum rpad G4, nobasmsis k rpady G; HOBoe
pedpo MUHUMAIIBHOM JUIMHBI U3 pedep (X1, Xs), (X2, X3),
(X2, Xx5), (x4, X5). Takoe peOpO AJIMHBI ABA OTHO:
(.XQ, X3).
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Bwmecte ¢ atum pebpom BkitouaeM B (G4 BEPIIUHY X3,
He coaepxkaurytocs B Gs. [lonmaraem i = 4 u nepexo-
JIMM K mary 3.
[llae 3. Tak Kak i # n, IOATOMY NEPEXOIUM K 1Iary 4.
lllaz 4. Ctpoum rpad Gs, nobasisis k rpady G; HOBoe
pedpo MUHUMAIIBHOM JUIMHBI U3 pedep (X1, Xs), (X2, Xs),
(x4, x5). Takux pedep JIMHBI TPU JIBA:
(X2, x5) 1 (x4, X5).

BosbsmeM (x;,, xs5). Bmecte ¢ 3Tim peOpom BKIIIOUaeM B
Gs BepumHYy X5, HE coaepkamrytocs B Gy. [lonaraem
[ =5 ¥ nmepexoauM K mary 3.
lllae 3. Tak xak i = n, To Tpad Gs — UICKOMOE MUHH-
MajbHOE OCTOBHOE AepeBo. CymmapHas JiuHa pedep
papal +1+2+3=7.

IIpouecc MocTpoeHUs MUHUMAJIBHOIO OCTOBHO-
ro JiepeBa u300pakeH Ha puc. 1.21.

X3 X3
2 2
X2 X2 X4 X2 Xa 2 Xa
1 1
1 1 1 1 1 3
O
X X1 X1 X1 X5
& 73 Gy s
Puc. 1.21.
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BTtopoii cTonbelr onpeaensieTcs U3 CUCTEMbl

X1= X2+X3+X4+O
Xy = X2+X3 + 1
X3 = X2 +0
X4= X1 +X3 +0

Uckmrouas x|, monydaem

XQ:X2+X3 +1
X3= X2 +0
)C4ZXQ+)C3 +X4+0

W3 BTOpOro ypaBHEHU UMEEM
Xy = 1*()63 + 1) = X3 + 1.
Jlanee HaxoauM
X3= X3 +1
{X4 = X3 + X4 +1

Orcromaxs=1*1=1ux;=x4+ 1.
B utore
xs=1*1=1,x=1+1=1,
x =1+1+1++0=1.

Taxum 006pazom, BTopoii ctonbern A* ecTh
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Xy = X2+X3 +0
X3 = X2 +0
X4= X1 +)C3 +0

YacTto HyJeBbIE claraéMple HE 3alUCBIBAIOT,
KAaK U B CHCTEMAX YPaBHEHUM B I10JI€ I€UCTBUTEIBHBIX
YUCElL.

Bocnone3yemcss METOIOM IOCIIENOBATENBHOTO
HCKJIIOUEHUs HEU3BECTHhIX. lloCKoiibKy B mpaBou
YaCTH NEPBOr0 YPABHEHHUSI HET NMEPEMEHHOM X|, MOXK-
HO MCKJIIOYUTH 3Ty MEPEMEHHYI) W3 CUCTEMBI, IO/I-
CTaBUB B OCTaJbHbIE ypaBHEHUA. C y4eTOM HAEMIIO-
TEHTHOCTH CIIOKEHHUS TTOTYyUYUM:

XZ:X2+X3 +0
X3= X2 +0
X4:X2+.X3 +.X4+1

N3 BTOpOTO ypaBHEHUS uMeeM x; = 1¥(x; + 0).
B nmonykoneiie B urepanus JIr0O0OT0o 3JIeMEHTa paBHA
enuuuIe nojykoisbia. [loatomy x, = x; + 0. Hckiro-
YUB X, U3 CUCTEMBI, TTOTYyYUM

X3= X3 +0
.X4:.X3+.X4+1

Jlanmee Berumciaum x3 = 1*0 = 1-0 = 0. Iloacra-
BUB X3 = 0 B MoclieIHEEe YpaBHEHUE, HalIeM
x=1*1=11=1
Wrak, nepsoiit ctonder A* ecTh
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1.12. Packpacku rpagoB

[Tycte G = (M, R) — Heoprpad 6e3 merers.
Omnpenenenue 1.40. Pacxkpackou (6epwiun) rpada G
HA3bIBA€TCA TAKOE 3aJlaHKE€ IBETOB BepiiuHaM (G, 4TO
ecnu [a, b] — pebpo, TO BepIIMHBI a U b UMEIOT pas-
AUYHBIE 1BeTa. Packpacka Ha3bIBACTCS MPAGUILHOU,
ecmi  o0Opa3bl  JIOOBIX JIBYX CMEXHBIX BEpIIUH
Pa3TUYHBI.

Onpenenenne 1.41. Xpomamuueckum uucnom fp (G)
rpada G Ha3pIBaeTCs MUHUMAIBHOE YHCIO IIBETOB,
TpeOyromeecs 11 packpacku G.

Packpacka BepmiiH rpada B /f 1iBeta ecTh pas-
OneHre MHOXECTBA BEPILUH Tpada Ha MOonapHoO Here-
pECEKAIONINECs] HEMyCThIe MOJIMHOKECTBA, COCTOSIIINE
U3 MONapHO HECMEKHBIX BEpPIIUH, T.€.

M=M UM, ..OUM,;
MM, B, i#j,1<i,j</p

Ilpumep 1.25.

Tak xak B momHoMm rpade K, nrobble nBe pas-
JIMYHBIC BEPIIMHBI CBs3aHbI pedpom, To /P (K,) = n.

Ilpumep 1.26.

1. PaccmoTpuMm 3amady COCTaBJICHUSI PACTUCAHUS.
[Ipennosioxkum, 4TO HYKHO MPOUYECTh HECKOJIBKO JIEK-
UM 3a KpaTyauiiee Bpems. UTeHne KaxKa0M JICKIIMA B
OTJEIIBHOCTH 3aHUMAET OJIMH 4Yac, HO HEKOTOPHIE JIEK-
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UM HE MOTYT YHMTaThCS OAHOBPEMEHHO (HAIMpHMep,
UX YUTAET OJIUH U TOT ke JiekTop). [locTpoum rpad G,
BEPIINHBI KOTOPOTO OWEKTHBHO COOTBETCTBYIOT JIEK-
IIUSIM U JIB€ BEPIIMHBI CMEKHBI TOTJIa U TOJIBKO TOT/a,
KOI'/Ia COOTBETCTBYIOIME UM JIEKIIMHM HEJb3s YUTaTh
onHOBpeMeHHO. OueBUAHO, YTO Jr00as packpacka
TOro rpada Oompenenser AONYyCTHMOE paclHCaHue:
JEKIIUHU, COOTBETCTBYIOIINE BEPIIMHAM OJHOIO IIBETA,
MOTYT 4YMTaThCs OAHOBpeMeHHo. Hampotus, mroboe
JIOIyCTUMOE PACIMCaHUE OIpeNesieT pacKpacKy rpa-
¢a G. OnrumanbHble pPACIHUCAaHUS COOTBETCTBYIOT
packpackaM ¢ MHHMMAaJbHBIM YHCIIOM IIBETOB, a YHC-
JI0 4YacoB, HEOOXOAUMOE JJIsl MPOUYTEHUS BCEX JICKIIHIA,
pasuo /ff (G).
2. PaccMoTtpum rpad G, BepUIMHBI KOTOPOrO — CTpa-
HBI, a pedpa COCAUHSAIOT CTPaHbl, UMEIOIINE OOIIYIO
rpanuiny. Yucny /f (G) cOOTBETCTBYeT HaMMECHBIIICE
YHUCIIO KPAaCcOK, HEOOXOIUMBIX ISl PACKPACKU KapThl
TaK, 4TOObl HUKAKHUE JIBE COCEIHHUE CTPAaHbl HE OBLIU
OKpallIeHbI B OJIUH IIBET.

Cy1ecTBYIOT U NMPaKTUYECKUE 3aJauM, CBSI3aH-
HBIE C pacKpackoi pedep B MyibTUrpade.

Packpacka pebGep B mynbTurpade G MOXKeT
OBITh OIpeieNieHa C MTOMOIIBIO0 PACKPACKH BEPIINH TaK
Ha3zbpIBaeMoro pedeproro myisturpada L (G).
Omnpenenenune 1.42. /I mpon3BONIBHOTO HEOPUEHTH-
poBanHoro myinwsturpaba G = (M, U, P) pebeprvim
mynvmuepaghom L (G) HaszwiBaeTcs Tpovika (U, M, P’),
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3aoaua 5.6.

Jlns rpada, mzobOpakeHHOro Ha puc. 5.9, pe-

IIUTh 33/1a4y BBIYUCIICHUS MATPULIBI TOCTUKUMOCTH.
Pewenue

Ha uuncnoBble METKM Iyr BHHMAaHHUSI MOKa HE
oOpaiiaem, cuuTas, YT0O OPUEHTUPOBAHHBINA Tpad pas-
MEUEH HaJl MOJYKOJbIOM B M METKAa KaXKIOW Iyru
paBHa 1, T.e. OpHEHTUPOBAHHBIN Tpad 3aAaH MaTPH-
e 4.

01 1 1

01 1 0
A=

O 1 0 O

I 01 O

3anumeM CHUCTEMY YPaBHEHHU B MOJYyKOJbLE B
JUTSL OTIpENIeNICHHsI TIEPBOTO CTOIO0IAa MATPUIIBI A*:

X1= X2+X3+X4+1
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Puc. 5.8.
Pewenue.
1 2 3 4 5
1 1 1 0 0 0
2 1 0 1 0 0
3 1 0 0 0 1
4 0 0 1 1 0
5 0 1 0 1 0

Yucno ayr, UCXOMAIINX W3 BEPIIMHBI ;, Ha3bI-
BACTCsI cmenenvio ee ucxooa d; , 3aXOIsINX B d; —
+ - +
cmenenvto 3axooa d; , d; +d; =d;— cmenenvio sepuiu-
Hol i. Tak, BepIImHa 3 UMEET CTeNeHb 3aX0/1a, PaBHYIO
2, crenieHb ucxoaa — 2. CreneHs BEpIIMHBI paBHA 4.
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rne P' @& U x M x U, u Bemonusercs (u, a, v) X P’
TOT/Ia ¥ TOJILKO TOTJa, Koraa B myisturpade G Bep-
IIMHA @ SIBJISIETCS] KOHIIOM pedep u U v.
Onpenenenue 1.43. Packpackou pebep mynbTurpada
G HazbIBaeTCs packpacka BEpIIMH MyJbTUTpada
L (G).

Ilpumep 1.27.

[IpoBoauTcs MOHTaxk ammaparypbl. UToOBl He
nepenyTaTh MNPOBOJHUKU, HEOOXOAUMO HUX OKPACHUTh
TakUM 00pa3oM, 4TOOBI J1Ba MPOBOJHUKA, HIYIIHE K
OJIHOM TIaTe, UMEIU pa3Hble LBeTa. B 3TOM ciydae
BEpIIMHAMU SIBJISIFOTCS IUIAThI, a pedpaMu — MPOBO/I-
HUKH.

Onpenenenue 1.44. Heoprpad G HaswiBaeTCsl Ouxpo-
mamuyeckum, ecan M (G) = 2.

PaccMoTpuM mpocTOM anrOpuTM MHOCTPOECHUS
pPacKpacKu, KOTOPbIM BO MHOTHX CIy4YasiX MPUBOJUT K
packpackam, OJM3KHUM K MUHUMAJbHBIM.

Aneopumm nociredogamenvHol packpacKku

1. IIpousBonbHas BepmuHa @, rpada G TpUHUMAET
uger 1.

2. Ecam BepmmHbI @y, ..., @; pacKpaiieHsl / Betamu 1,
2, ..., [, 1 © i, To HOBOW TTPOU3BOJILHO B3STOU BEp-
IIMHE @;+] TPUIUIIEM MUHUMAIbHBIN 1IBET, HE UC-
MOJIb30BAHHBIN MPU pacKpacke BEPIINH U3 MHOXKE-
CTBa

{a; | p (aiv1,a) = 1,7 <i}.
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I[J'ISI HCKOTOPHBIX KJIIACCOB Fpa(l)OB IIoCJjcaoBa-
TCJIbHAA PACKpaCKa ABJIAACTCA MHHHUMAaJbHOH. B 00-
IIcM CJIydac 9TO HC TakK.

1.13. Paccrosinus B rpagax

Ilycte G = (M, R) — cBsi3HBIN Heoprpad, a, b —
JIBE €r0 HECOBIAIAIOIINE BEPIINHBI.
Onpenenenue 1.45. Jlnuna xpartvaitimero (a, b) —
MapIIpyTa Ha3bIBACTCA pACCMOsSHUEeM MEXKIY BEpIIu-
HaMHU a ¥ b 1 o003Ha"aeTcs yepes p (a, b).
Onpenenenue 1.46. Ectu M = {a,, ay, ..., a,}, TO
Marpuna P = (p;;), B KoTopoi p; = p (a;, a;), Ha3bIBACT-
cs mampuyeu paccmosHul.
Onpenenenue 1.47. J{ns1 pukcupoBaHHON BEPIIMHBI a
Benuunna e (a) = max {p (a, b) | b 'R M} nassiBaeTcs
aKCyeHmpucumemom BeEPIIUHBI a. Takum o00pazom,
OKCIICHTPUCUTET BEPIIUHBI PAaBEH PACCTOSHHUIO OT
JTAHHOM BEPILMHBI 10 HauboJee y1aJeHHOH OT Hee.

Ecmu P — Matpuna pacCTosiHuM, TO SKCUEHTPHU-
cuTeT e (a;) paBeH HauOOJIbIIEMY M3 YHCEII, CTOSIINX
B i-1 CTPOKE.
Onpenenenue 1.48. MakcuManbHBIN CpeIM BCEX IKC-
[IEHTPUCUTETOB BEPIIMH HA3BIBACTCS Ouamempom
rpada G u ob6o3nayaercs uepes d (G):

d (G) = max{e (a) | a Y M}.

Omnpenenenue 1.49. BepmuHa a Ha3bIBaeTCs nepughe-
putrot, eciu e (a) = d (G).
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MOTYT COOTBETCTBOBAaTh TaKOM KOMIIaHUM (pucC. 5.6 u
puc. 5.7).

Puc. 5.6. Puc. 5.7.

Wrak, cuTyanuss paccMOTpEeHHas B 3ajaye
BIIOJIHE BO3MOXkHaA. Ho ciywaid, pacCMOTpeHHBIM Ha
puc. 5.7, COOTBETCTBYET HE OJIHOM, & IByM KOMIIAHU-
SIM, YYACTHUKH OJTHOM M3 HUX HE 3HAKOMBI C YYaCTHH-
KaM¥ JpyTroMu.

[Ipo rpad, nzobpaxkeHHsli Ha puc. 5.6, ToBO-
PAT, UTO OH CBSI3HBINM, TAK KaK U3 KaXXION BEPIUUHBI
no pedbpaM MOXKHO MOMNAacTh B JIIOOYIO Japyryto. [ena-
€M BBIBOJ, YTO B 3TOM CJy4dae KaXIbli YEPE3 CBOUX
3HAKOMBIX  MOXET [O3HAKOMHUTBCA CO  BCEMU
OCTaJIbHBIMH.

Bo BTOpOM ciydae MONy4YuIuCh ABa MPOCTBIX
IUKJIa, HE CLEIJICHHbIE MEXIy COOOW B BEpILHUHAX.
Taxkoit rpad Ha3bIBa€TCSI HE CBSI3HBIM.

3aoaua 5.5.
Ilns rpada G = (4, U) (puc. 5.8) HailTu maTpu-
Iy CMEKHOCTH.




CMAaTPUBAEMON KOMIIAHWH HEJIb34 BBIJICIUTh HU YEThI-
PEXYTOJIbHUK, HU TPEYTrOJIbHUK, TTOCKOJIbKY TOTAa W3
OCTaBIIUXCS HENb3sl OyAeT COCTaBUTh KOMIIAHUIO,
YAOBJIETBOPSIOILLYIO YCIOBHUIO, T.€. CXEMa 3HAKOMCTBA
€IUHCTBEHHasA. BcCAKyl0 cXeMy, HalOMHUHAIOIIYIO
MHOTOYTOJIbHUK, TPUHITO HAa3bIBaTh LUKIOM. ([Ipes-
HUE TPEKU «UUKID» HA3bIBAIU «KOJIECOM»; U JEHUCTBU-
TEIBHO Ha pUC. 5.5 M300paK€HO HEYTO, HATOMUHAIO-
iee KOJIECO M C YCIEXOM 3aMEHSIOIIEe B pacCMaTpu-
BA€MOW CUTYyallMl MHOTOYT'OJIbHUK. )

Puc. 5.5.

3aoaua 5.4.

MoXeT 11 Tak CIyYUTHCS, YTO B OJHOW KOMIIa-
HUW W3 IIECTHU YEJIOBEK KaXXIbId 3HAKOM C JIBYMS U
TOJIBKO ABYMS IPyTHUMU?

Pewenue.

VYyacTHUKA 3TOW KOMIIAaHUU U300pa3uM BEPIIU-
HOW Tpada, a OTHOLIEHUE 3HAKOMCTBA MEXIY JIBYMS
ydacTHHUKaMu — pedpom. M306pazum rpadsl, KOTOpbIe
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Ilpumep 1.28.

Haiinem muametp rpada G, n3o0pakeHHOro Ha
puc. 1.22.

4 5
Q O
2
@)
1 3
Puc. 1.22.

Marpuia pacCTOSHUNA UMEET BUJ]

0
1
3
1
2

—_— =N O =
—_— NN O N W
—_ O N =
S = = =N

oTcroaa
e(1)=3,e(2)=2,e(3)=3,e(4)=2,e(5)=2

u, cnegoBatenvHo, d (G) = 3. Bepuiunbl 1 u 3 sBis-

10TCA epuepuiHBIMH.
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Omnpenenenune 1.50. MunuManbHbId U3 SKCLIEHTPUCH-
TeToB rpada G Ha3bpIBaeTCs €ro paduycom u 0003HA-
yaetcs uepes r (G):

r (G) =min{e (a)| a R M}.
Onpenenenune 1.51. BepmmHa a Ha3bIBaeTcsl yem-
mpanvroi, eciu e (a) = r (G).

Omnpenenenune 1.52. MHOXECTBO BCEX LEHTPAIbHBIX
BepILUH Ipada Ha3bIBACTCS €T0 YEHMPOM.

Ilpumep 1.29.

Pamnyc rpada, nokazannoro Ha puc. 1.22, pa-
BCH 2, a €ro LICHTPOM SIBJISICTCS MHOXKECTBO {2,4,5}.

1.14. ®yngaMeHTAJbHBbIE HUKJIBI

Ilycte G = (M, R) — Heoprpad, UMEOIIUN 1
BEpIIWH, m pedep U ¢ KOMIIOHEHT CBSI3HOCTH, T — OC-
TOB rpada G.

Omnpenenenune 1.53. Yucno v (G) == m — n + ¢ Ha3bI-
BACTCS YUKIOMAMUYECKUM YUCTIOM WU YUKTUYECKUM
paneom rpada G.

Omnpenenenue 1.54. Yucno v* (G) = n — ¢ Ha3bIBaeTCs
KOYUKIUYECKUM paneom W kopaneom rpada G.

Takum oOpazom, v*((G) ecTb yuciao pedep, BXo-
JSUIUX B OCTOB Tpada.

Omnpenenenue 1.55. OctoB T rpada G umeet v¥(G) =
=n — c pebep u,, ..., U, _ ., KOTOPbIE HA3BIBAIOTCS Gemi-
8sMU OCTOBA.
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Puc. 5.4.
pa3pes3aroTcs, 3aKpallieHbl IEJIMKOM; OCTaJIbHBIE OC-
TAIOTCS He3aKPaAIICHHBIMH.

[Ipu paspe3aHum OJHOTO JIUCTAa HA TPU YaCTH
YHUCJIO JINCTKOB YBEJIMYHMBACTCS Ha JBa. Eciu ke BMe-
CTO OJTHOT'O pa3pe3aHo k JIMCTOB, TO 00Pa30BaAIOCh

1+2°
aucToB (puc. 5.4).

3aoaua 5.3.

YTBepk1at0T, 4YTO B OJHON KOMITAHUU U3 TATH
YEJIOBEK KaXKIbIi 3HAKOM C JIByMSI U TOJBKO C JABYMS
npyrumu. Bo3morkHa 1 Takasi KoMnaHus?

Pewenue.

Kaxxnoro u3 3Toli KOMImaHuu U300pa3uM Ha pH-
CyHKE KpY>XKOM. Eciu J1Bo€ 3HAaKOMBI, COEJJMHUM CO-
OTBETCTBYIOIIIME KPYXKH OTpe3koM. (OKa3bIBaeTCs,
TaKWe CHUTyallMd HE TOJIbKO BO3MOXKHBI, HO BCE€ HX
MOXHO ONUCATh aHAJOTMYHBIMU cxemamu. M3 pac-
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FO, ormerum xxupnoit nunuert FH, HK, u KO (puc.
5.3). Hailinem eAMHCTBEHHO BO3MOKHBIW MPU JAHHOM
YCJIOBUM MapuIpyT.

Puc. 5.3.

[ToxBeneM mepBbI UTOT: 3a/a4a PELIEHA B X0/
npeoOpa3zoBaHus KapTUHKUA. C pUCYHKA OCTAETCs CUU-
TaTh OTBET: UMeHUe E npunamiexxutr Manunosy, D —
Kopo6ouke, C — Hozapery, A — CobakeBuuy, B —
[Lmromikuny, M — TenreraukoBy, F — berpumeny, H —
ITeryxy, K — Koncranxorno, O — Kouikapeny.

3aoaua 5.2.
JIuct Oymaru ITnromkuH paspe3aer Ha TpU vac-
TH. HekoTopble M3 ATUX MOTYYEHHBIX JUCTOB OH TaK-
e paspesaer Ha Tpu yacTu. Heckoybko HOBBIX JIHMC-
TOB OH BHOBb pa3pe3aeT Ha Tpu 0oJjiee MEJIKHUE U T.J.
Cxonbko [ImomKuH moiayyaer JUCTOB OyMmaru, eciu
paspesaer k 1McToB?
Pewenue.
Jluctel 6ymaru 0003HAUUM Ha PUCYHKE KPYK-
kamu. KpyKKu, COOTBETCTBYIOIIHE JTUCTaM, KOTOPHIE

16

Q¥p oy

Omnpenenenue 1.56. OcraBmuecs m — n + ¢ pedep u;,
vees Uy — n + ¢, HE BXOJAIINE B T, HA3BIBAIOTCS XOpoamu
ocroBa 7.

Ecnu k necy T 106aBUTh IPOU3BOJIBHYIO XOPIY
Vi, TO B TOJY4Ye€HHOM Tpade HaijieTcs POBHO OJUH
UKJI, KOTOpbIi o6o3Haunm uepe3 C;. Luxn C; cocro-
UT U3 XOPJbl V; U HEKOTOPBIX BETBEU OCTOBa 7, KOTO-
pBIe MPUHAJJICKAT €AMHCTBEHHOW MPOCTOM IIETH, CO-
EANHSIONIEH BEPIIMHBI XOPBI V;.

Omnpenenaenue 1.57. lHukn C; HazpiBaeTcs pyHoamen-
manvHoim yukiom tpadpa G OTHOCHUTETBLHO XOPHBI V;
octoBa 7.

Omnpenenenune 1.58. MuoxectBo {C;, ..., C,, _ , + ¢}
BCceX (PyHIaMEHTAJIbHBIX IUKJIOB OTHOCUTEIBHO XOP/I
ocTtoBa T HA3bIBAETCS PYHOAMEHMANbHBIM MHONMCECH -
6om 1UKIIOB rpad)a G OTHOCUTENTBLHO OCTOBA 7.

OTMmeTuM, 4TO MOUIHOCTH (PYH/IaMEHTAJIBLHOTO
MHOKECTBA IIMKJIOB paBHA IIMKIOMATUYECKOMY YHCITY
v(G)=m—n+c.

O6o03Haunm yepe3 (W, ..., Wy,) TOCIEIOBATEIb-
HOCTB (V1, V2, ..oy Vipter U1y U,..., U,_) BCEX peOEp rpa-
da G. Torna pynnamenransHomMy 1UKITY C; COOTBET-
CTBYET BeKTOp a =(a;1, di, ..., Aim), ONPEACICHHBIN
0 CJEAYIONIEMY IPaBUITY:

1, ecruw, € C,

a,
70, ecmuw,; ¢ C,
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Tenepp yHIaMEHTATHPHOE MHOKECTBO ITHKJIOB
MOXHO 33/1aTh C MOMOIIb Mampuysvl yHOAMEHMAlb-
HbIX YUKII08, CTPOKH KOTOPOW SIBJISIOTCS BEKTOpaMU
ayy Ay ooy Ay .

all a12 alm
C _ a21 6122 cee a2m
av(G),l av(G),Z av(G),m

Tak kak kKaxabli GyHIaMeHTIbHBIN 1TUKI Ci
COAEPKUT POBHO OJIHY XOPAY, & UMEHHO V;, TO MaTpU-
na C uMmeeT BUL:

1 O al,v(G)-H I alm
C= 1 vy e oy
0 La, v QuGym

Taxkum o6pazom, C = (C, | (), tae C; — enu-
HUYHas MaTpuiia nopsjaka v (G).

Ilpumep 1.30.
Haiinem matpuily (yHIaMEeHTalbHBIX, ITUKIIOB
rpada G, nzobdpaxenHoro Ha puc. 1.23.

5

O

MIPUHAJJICIKUT, €CJIM HU 110 OJTHOU W3 J0por UM4YMKOB
HE TIpoe3Kaj 0oJiee OHOTO pasa.
Pewenue.

Puc. 5.1.

[To cxeme BuAHO, uTO myTemiecTBUe UWYMKOB
Hayan ¢ uMeHuda E, a koHumn umenneMm O. 3amedaem,
yTto B uMeHuss B u C BeayT TOJIBKO MO JABE JOPOTH,
MO3TOMY TIO 3THUM JoporamM UWYHMKOB JOJKEH ObLI
npoexaTb. OTMETUM UX KUPHOU JTuHUEH (puc. 5.2).

Puc. 5.2.

OmnpeneneHbl y4aCTKH MapuIpyTa, IpOXOIsIue
yepe3 A: AC u AB. Ilo noporam AE, AK u AM Yu-
yuKOB He e3nuil. [lepeuepkHeM ux. OTMETHM KUPHOU
muuuen ED; nmepeuepknem DK. Ilepeuepknem MO n
MH; ormerum xupnou nuHuer MF; mepeuepkHem



BEpIIHH, 4YTO U B G, IyraMm KOTOPOT0, COOTBETCTBYIO-
muM ayram u3 G, mpumnucaHbl eAMHUYHBIE Beca, a Oc-
TaJIbHBIM JyraM — OecKOHeuYHbIe Beca. Ecium permenue
MUHUMAaKCHOW 3a7aud KOMMUBOsDKepa Uit G| uMeeT
KOHEUYHBIN Bec (Ha caMOM JieJie paBHBIA €AWHHUIIE), TO
B rpage G MOXeT ObITh HAWJEH COOTBETCTBYIOIIUI
raMwiIbTOHOB 1ukI. Ecim ke pemenne nMeer 0ecko-
HEYHBINA Bec, TO B rpade G He CyIIeCTBYeT HUKAKOTO
raMmwibTOHOBa Iukia. CrenoBarenbHO, JIBE YyKa3aH-
HBIC 33Jla4¥ MOXXKHO paccMaTpuUBaTh KaK SKBUBAJICHT-
HBIE, TTIOCKOJIBKY OBLIO TTPOJIEMOHCTPUPOBAHO, YTO aJI-
TOPUTM HAXOKICHHS TAMUJIHBTOHOBA ITMKJIA TTO3BOJISET
peraTh MUHUMAKCHYIO 3a7aqy KOMMHUBOSDKEpA U Ha-
000poT.
5. 3apaum no Teopuu rpagos

3aoaua 5.1.

Kak BbI MOMHHTE, OXOTHHK 32 MEPTBBIMU Y-
mamu [TaBen MBanoBuu YnunKoB MOOBIBAJI y U3BECT-
HBIX BaM MTOMENIMKOB 110 OAHOMY pa3y y Kaxaoro. Ox
rocemian ux B caeayronieM nopsake: Manunosa, Ko-
pobouxy, Ho3apesa, CobakeBuua, [lmomkunra, Ten-
TETHUKOBA, reHepana berpumena, Ileryxa, Koncran-
xorno, noinkoBHHKa KomkapeBa. Halimena cxema
(puc.5.1), Ha koTopoit UnuukoB HaOpocasl B3auMHOE
PACIIONOKEHUE UMEHHMM M NIPOCEIOYHBIX TOpPOT, CO-
EOUHAIONIMX HX. YCTAaHOBUTE, KAKOE HMEHUE KOMY
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Puc. 1. 23.

Tak kak v (G) = 8 — 6 + 1 = 3, TO AJI4 TTOTyYEHHUsI OC-
TOBa yjaaisieM u3 rpada tpu pedpa. ConocTaBuM 3TUM
pebpam HOMepa 1, 2, 3.

PeGpam, BXOASIIMM B OCTOB, IIOCTaBUM B COOT-
BeTcTBHE HOMmepa 4, 5, 6, 7, 8. Jlerko BuaeTh, 4TO
dbynnamenTanbHbi UK Cj, COOTBETCTBYIOIIUN XOP-
ne 1, cocrout u3 pedep 1, 4, 6, uukn C, — u3 pedep 2,
6, 7, mukn C; — u3 pebep 3, 6, 7, 8. [loaromy maTpuiia
dbyHIaMEeHTATBHBIX IUKJIOB C UMEET BU/:

1 2 3 4 5 6 7 8
C I 0 o |1 O 1 0 O
G, o 1 010 O 0 1 O
G 0o 0 1 (0 o0 1 1 1

1.15. Pa3pe3sl

[Tonarue paspe3a WUrpacT BaXKHYKO pOJib MpPH
U3YUYEHHUH BOIPOCOB, CBA3AHHBIX C OTACICHUEM OJIHO-
ro MHOXKECTBa BepiIuH rpada oT apyroro. Takue 3a-
a4y BO3HUKAIOT, HAIPUMEP, IPU U3YUYECHHH MOTOKOB
B CETSX.

63



Onpenenenue 1.59. Cemvio Ha3bIBaeTCS CBSA3HBIN
oprpad G = (M, R) 6e3 nerens.

Onpenenenue 1.60. /lomoxom B cetn G Ha3bIBAECTCSA
byHkuua €7': R — Z, koTopasi CTaBUT B COOTBETCTBHE
Iyre HEKOTOPOE YHCIIO — BEC TYTH.

B stux 3amadax QyHIaMEHTAIBHYIO POJb WT-
paloT H3y4YEeHHUE TMOMEPEUHbIX CEUYeHUH ceTu (T.e.
MHOECTB YT, KOTOPBIC COCIUHSIIOT BEPIIMHBI JBYX
HETepeceKaromMnXcsi MHOXKECTB BEPIIIMH) U HaXOXKJe-
HUE OTPAaHUYEHHOTO MONEPEYHOTO CEUYEHUsI, KOTOpOe
SBJISIETCS CaMbIM y3KUM MECTOM. OTH Y3KHE MecTa
OTPENENSAIOT MPOMYCKHYIO CIIOCOOHOCTh CHUCTEMBI B
EJIOM.

[Tycte G = (M, R) — neoprpad = M {M,, M,} —

pazouenue MHOXecTBa M.
Omnpenenenune 1.61. Paspeszom rpada G (1o pa3odue-
Huo M) Ha3bIBaeTCs MHOXKECTBO BceX pedep, Coelu-
HSIIOIIKMX BEpIIMHBI U3 M| ¢ BepmmHamu u3 M, (puc.
1.24). OTmeTuM, 4TO B CBS3HOM Tpade 000 paspe3
HE MYCT.

O \\ 7y { O

O } i \ O

O I O

M; Pazpes M,
64

JICUCTBUTEIILHO AKBUBAJICHTHA MHUHHUMAKCHOM 3ajJa4e
KOMMUBOSIKEpA.

B BpIlIEyIOMAHYTOM TOJIHOM OPUEHTUPOBAH-
HOM Tpade G| MBI MOXKEM HaBEpHSAKAa HAUTH TaMUJIb-
TOHOB UK. IlycTh 3T0 Oyner nmukin @, U MycTh BEC
caMoM JUIMHHOM ero ayru paseH 1. Yaganus u3 G, Jo-
Oyro Ayry, BeC KOTOPOM HEe MEHbIIE 1, MOTydYuM OpH-
eHTupoBaHHbll Tpad G,. Haiimem B opueHTHpOBaH-
HOM Tpade G, TaMUIBTOHOB IUKA D,, M IyCTh BEC €T0
caMoi JUIMHHOM AyTu paBeH 2. Y nanum u3 G, o0y
IyTy, BEC KOTOpPOM HE MEHbIIE 2, U Tak OyneMm mpo-
JOJKaTh 0 T€X IMOp, NOKA HE MOJYyYUM OPUECHTUPO-
BaHHbIN Tpad G, HE COIAEpKAILMKA HHUKAKOIO ra-
MUJIBTOHOBA IMKJA. ['amMmunpToHOB 1IMKI D,, B G, (C
BECOM M) SBJISIETCSA TOTJA MO ONPENENICHUIO PEIICHU-
€M MUHHUMAaKCHOM 3aJauyu KOMMHUBOSIKEpA, TAK KaK W3
OTCYTCTBUSI TaMUJIbTOHOBA UKJIA B (41 CAEAYET, UTO
B (G| HE CYLIECTBYET HUKAKOIO TaMUJIbTOHOBA LIMKJIA,
HE HCIOJB3YIOUIEr0 MO KpallHEeW Mepe OAHY AYTYy C
BECOM, OOJIBIITMM HJIU PABHBIM 711.

Takum oOpa3oM, aaropuTM HaxOXKJACHUS Ta-
MUJITOHOBA ITUKJIa B OPUEHTUPOBAHHOM Tpade pera-
€T TaK)K€ MUHMMAKCHYIO 33Jlayy KOMMHUBOsiKepa. Ha-
000pOT, €CIM MBI PacoJiaraeM alrOPUTMOM PEIICHUS
MOCIIEIHEN 3aJa4yi, TO TaMWJIBTOHOB IIMKJI B IPOU3-
BOJIBHOM OpUEHTHUPOBaHHOM Tpade G MOXKET ObITh
HalJICH C MOMOIIbI0 MOCTPOEHHUSI TTOJTHOTO OPHUEHTH-
poBanHoro rpada G; ¢ TeM K€ caMbIM MHO>XECTBOM
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HUMAIOTCSI HECKOJBKO I'PY30BHKOB, XOTS 3Ty 3aJauy
MOXKHO TaKXe nepeopMyiIrpoBaTh Kak 3a1ady KOM-
MUBOsDKEpa Ooublliel pazmepHocTd. Jpyrue mpuio-
KEHUSI BKJIIOYAIOT COCTABIICHUE PACTIMCAHUS BBITIOJ-
HEHUs ONepaluii Ha MalllMHaX, MPOEKTUPOBAHUE
AIEKTPUUECKUX CETEH, yIIpaBIeHHE aBTOMATHUYECKUMU
JUHUSAMH U T.JI.

OuyeBuaHO, yTO CHOPMYTUPOBAHHAS BHIIIE 3a-
nava (1) sBrmsercss yacTHbIM ciydaeM 3agaud (2). B
caMoM JieJie, IPUMHICHIBas CIIy4ailHbIM 00pa3oM Jayram
3aJJaHHOTO OPHEHTHUPOBAHHOTO Tpada G KOHEUHBIE
Beca, MoJy4yaeM 3ajady KommuBosbkepa. Eciu peme-
HUE JUIS OTOM 3aJa4H, T.€. KpaT4auIlIui TaMUIbTOHOB
UKJI, UMEET KOHEYHOE 3HAYeHHE, TO 3TO pEUICHUE
SIBJISIETCS TaMWJIHbTOHOBBIM ITUKJIOM OPUEHTHUPOBAHHO-
ro rpada G (T.e. oTBeTOM Ha 3amady 1). Eciu xe pe-
HIeHHe UMeeT OeCKOHEYHOe 3HaueHue, To G He UMeeT
raMuJIbTOHOBA IIUKIIA.

C npyroil cTOpOHBI MOKHO JaTh €Ille OJHY WH-
TeprpeTanuo 3aaadu 1). PaccMOTpuM CHOBa MOJIHBIN
OpueHTHUpOBaHHBIN Tpad G| ¢ 00IIei MaTpUIleil BECOB
ayr [c;] m paccMOTpUM 3a7ady HaxOXIEHHUS TaKOIro
raMuJIbTOHOBA LIMKJIA, B KOTOPOM caMasl IJIMHHAs Ayra
MHUHUMAaJbHA. DTy 3a/jauy MOKHO Ha3BaTh MUHHUMAKC-
HOW 3a/laueii KOMMHUBOsDKEpa. Torjaa KiacCU4eCKyro
3a/lady KOMMMBOSKEpAa B TOW K€ TEPMHUHOJIOTUU
MOXHO ObUIO OBl Ha3BaTh MHUHHMCYMMHOM 3ajadeit
kKoMMHuBOsDKepa. [lokaxkem Temnepb, uTo 3amada (1)
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Puc. 1.24.

Omnpenenenue 1.62. Hemycroit pa3pe3 K Heoprpada
G Ha3bIBACTCA HNPOCMbIM pA3pe3oM WU KOYUKIOM,
eciu JIto00oe HEMmyCTOoe COOCTBEHHOE MOJMHOMKECTBO

K’ g K He sBisieTcs pa3pe3oM HM MO KakOMy pas-

OUEeHUIO.

Hpyrumu cinoBamu, u3 K Henb3s yJaauTb HU
OJIHO Pedpo C TeM, YTOOBI MOJYYEHHOE MHOKECTBO
OBLJIO HEITYCTHIM Pa3pe30M.

[lycte G = (M, R) — Heoprpad, UMeOIHA #
BEpIIWH, m pedep U ¢ KOMIIOHEHT CBSI3HOCTH, T — OC-
ToB rpadpa G u u,, ..., U, ., — BETBU OCTOBA. Y 1ajsis U3
octoBa 7 MPOU3BOJBHYIO BETBb U;, MOJydaeM JieC C
(¢ + 1) KOMIIOHEHTaMH CBSI3HOCTH, T. €. KaJ10€ pedpo
u; SIBIIIETCA pa3pe3oM ocToBa 1 MO HEKOTOPOMY pas-
ouenuto {M;, M,} (puc. 1.25).

B rpade G moryT HaliTUCh ellle kakue-To pedpa

Vi Vippees Vi (sBystronuecs: xopaamu 1), KOTOpbIE CO-

L 2 12

CIUHSAIOT BEPIUUHBI U3 M| u M,.

(273
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Puc. 1.25.

Omnpenenenue 1.63. MuoxectBo K; = {u;, Ui oo u, |

o0Opa3yeT MpoCTOol pa3pe3, KOTOPHI HA3bIBACTCS (yH-
oamenmanvHoim paszpezom Tpadha G OTHOCHTEIHHO
BETBHU 1; OCTOBA 7.

Omnpenenenue 1.64. MuoxectBo {K;, K;, ..., K, .}
Bcex (yHAaMEHTAIbHBIX pa3pe3oB rpada G Ha3bIBa-
eTCs  (PYHOAMEHMANbHBIM MHOMCECMBOM KOYUKIO8
rpada G OTHOCUTENBHO OCcTOBA 7.

OTmeTuM, 4TO MOUIHOCTHh (PYHIaMEHTAJIBLHOTO
MHO>KECTBA KOILIMKJIOB HE 3aBUCUT OT BBHIOOpA OCTOBA
T u paBHa kopanry v¥(G) =n — c.

Kaxnomy dynaamentanbHOMy paspesy K; cra-
BHTCS B COOTBETCTBHE BekTopam b.=( b, ..., b, ), om-

pEIEIEHHBIN 110 IIPAaBUILY

1, ecmmw, € K,

710, ecmuw, ¢ K,

@yHIaMEHTAIBHOE MHOKECTBO KOIMKIIOB 3a/1a-
eTcsi Matrpuled @ynoamenmanvHvlx paspesos K,
CTPOKH KOTOpOU SIBJISIFOTCSA BEKTOpPaMH

b, by wss by
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3aoaua 1. Jlan opueHtupoBaHHbIil rpad G, Tpedyercs
HaliTu B G TaMUJIbTOHOB ITUKJI (WJIU BCE ITUKJIbI), €CITU
CYIIECTBYET XOTsI Obl OJIMH TaKOM IIUKII.

3aoaua 2. Jlan TOJIHBIA OPUEHTUPOBAHHBIA MUK G,
IyraM KOTOpPOTrO IPUIIMCAHbl IPOU3BOJIBHBIE BeEca
C = [c;], HallTH TaKOM TraMWJIBTOHOB IMKJI, KOTOPBIN
UMeeT HauMeHbIH o0muii Bec. CienyeT OTMETHUTH,
YTO €CJIM OPUEHTUPOBAHHBIN rpad G HE MONHBINA, TO
€ro MOXHO paccMaTpUBaTh KakK IMOJIHBII OPUEHTHPO-
BaHHBIN Tpad, MPUMHUCHIBAs OTCYTCTBYIOIIUM Jyram
OECKOHEYHBIN BEC.

ANTOPUTMBI PEIICHUS 3alaull KOMMUBOSDKEpa U
€€ BapUAHTOB MMEIOT OOJIBIIIOE YUCIO MPAKTUICCKUX
NPWIOKEHUN B Pa3IMYHBIX 00JACTAX UYEIOBEUECKOMN
nesTeNbHOCTU. PaccMoTpuM, Hanmpumep, 3aiady, B KO-
TOPOM TPY30BUK BBIE3KAET C LEHTPAIbLHOU Oa3bl IS
JIOCTaBKM TOBApOB JAHHOMY YMCIy MOTpeOuTenel u
BO3BpalaeTcss Hazaa Ha 6a3y. CTOMMOCTh MEepPEeBO3KU
IPONOPLUUOHAIIbHA TMPOUJEHHOMY TPY30BHUKOM pac-
CTOSIHUIO, Y IIPU 33JaHHOM MaTpULIE PACCTOSHUU Me-
KAy TMOTPEOUTENIMU MapHIpyT C HAUMEHBIITUMU
TPAHCIIOPTHBIMU 3aTpaTaMu MOJyYaeTCsl KaK pelIeHue
COOTBETCTBYIOIIEH 3aJaul KOMMHUBOSDKEpa. AHalo-
TUYHBIE THUIIBI 337]a4 BOZHUKAIOT MPHU COOpE MOUYTOBBIX
OTHpPABJICHUNA W3 TOYTOBBIX SIIUKOB, COCTaBJICHUU
rpaduka IBYKEHHS MIKOJIBHBIX aBTOOYCOB IO 3aJ/IaH-
HBIM OCTAHOBKAaM U T.J. 3ajada OYe€Hb JIETKO 000011a-
€TCS W Ha TOT CJIy4aid, Korja J0CcTaBKoi (cOopom) 3a-
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CTH N TPOAYKTOB, UCIOJIB3Ysl €AMHCTBEHHBIA THUI all-
napaTtypbl. Amnnapar J0JDKeH ObITh MEePEeHAaCTPOEH I10-
CJie TOro Kak ObUI MPOU3BENIECH MPOAYKT p; (HO 10 TOTO
KaK Ha4aTo IPOMU3BOACTBO IPOILYKTa p;), B 3aBUCHMO-
cru or koMOumHammu (p;, p;). CTommocTs mnepeHa-
CTpPOMKH ammapaTypbl MOCTOSHHA W HE 3aBUCUT OT
MPOU3BOJIUMBIX MPOAYKTOB. IIpenmnonoxum, 4Tto 3TU
IPOAYKThI MPOU3BOAATCSA B HEMPEPHIBHOM IUKIIE, TAK
YTO MOCJIE TPOU3BOJICTBA MTOCIEAHETO U3 11 IPOLYKTOB
CHOBa BO300HOBIIETCA B TOM K€ (PUKCUPOBAHHOM
I[UKJIE IPOU3BOACTBO MEPBOI0 MPOIYKTA.

Bo3HukaeT Bonpoc 0 TOM, MOXKET JIU ObITh Haii-
JIeHa [UKJINYECKas MOCIeA0BaTEIbHOCTh TPOU3BO/JICT-
Ba NMpoAykToB p; (i = 1, 2, ..., n), He TpeOyrommas me-
peHacTpoiku annaparypsl. Eciii nipeacraBurts o1y 3a-
Jnady B BHJIE OPUEHTHPOBAHHOTrO rpacda, ToO OTBET Ha
MOCTABJICHHBIA BOIPOC 3aBUCUT OT TOr0, UMEET JIU
ATOT OPUEHTUPOBAHHBIN rpad) raMUILTOHOB IIUKJI UITU
HET.

Eciu He cylecTByeT NUKINYECKON MOCIIEI0Ba-
TEIHHOCTH MPOAYKTOB, HE TpeOyIolel nepeHacTpoii-
KU armapaTyphbl, TO KaKoBa JOJDKHA OBITH MOCJIEI0BA-
TEJIBbHOCTh MPOU3BOJICTBA C HAMMEHBIIIMMHU 3aTpaTaMu
Ha I[EpPEHACTPOWKy, T.e. TpeOyrllas HauMEHBLIErO
yuciaa He0OOXOUMBIX EPEHACTPOCK?

Takum 00pazoMm, pacCMOTPUM CIIEAYIOIINE JIBE
3a/1ay.
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e . b,

b

VE(G),1

b

VE(G),2

b

v¥(G),m
[TockonbKy Kaxablid (yHAAMEHTAIBHBINA pa3pe3

K; conep>Xut poBHO OJIHY BE€TBb, @ UMEHHO U;, MAaTPH-
a K nMeeTt BU

bll e bl’v*(G) 1 O
K= b21 b2,v*(G) 1
bv*(G),l bv*(G),v*(G) 0 1

Takum o6pazom, K = (K, | K;), rae K, — enu-
HUYHasg Matpuia nopsaka v*(G). OTMeTuM, 4To eciu
C = (C; | () — cooTBeTcTBYIOIIAs MaTpuia GyHa-

T T
MenTanbHbIX 1muKioB, o Ky = C, , rne C, — tpanc-

noHupoBaHHas Matpuna C,.
Ilpumep 1.31.

Haiinem martpuily ¢GyHIaMeHTaNIbHBIX pa3pe3oB
rpada G = (M, R), nzobpaxxennoro Ha puc. 1.25. Ilo-
ckoIbKy V¥(G) = 6 — 1 = 5, umeercs maTh PyHIaMEH-
TaJbHBIX pa3pe3oB. Pebpy 4 cOOTBETCTBYET KOLMKI
K, = {1, 4}, Tak kak npu yaajieHuu pedpa 4 u3 octoBa
T MHOXecTBO BepIIMH M pa30MBaeTcs Ha JIBE YACTHU:
{a;}m M \ {a;}, a pebpa 1 u 4 0Opa3yrOT paspe3 1o
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pazouenuto {{a;}, M \ {a,}}. AHamoruuno pebpy 5
coOTBEeTCTBYeT Kouukia K, = {5}, peOpy 6 — KOLMKI
K; = {1, 2, 3, 6}, pebpy 7 — xouukn K, = {2, 3, 7},
pebpy 8 — komuka Ks = {3, 8}. CinenoBarenbHO, MaT-
puta GpyHIaMEHTaTbHBIX pa3pe30B UMEET BU]L

1 2 3 4 5 6 7 8
K, (1 0 0|1 0o 0 0 0
K, |0 0 0o 1 0 0 0
K, |1 1 1]o 0o 1 0 0
K, |0 1 1]o 0o 0o 1 0
Ks \0 0 1|0 0o 0 0 1

1.16. Onepauuu Hajg rpagamu

Ilycte G '= (M ', R'") sBnsercsa noarpadom rpa-
baG=(M,R),Toects M' ZE MuR'® (M').
Omnpenenenue 1.65. I'pad G ' Ha3pIBaeTcs yacmovio
rpada G, ectu M' @& MuR'@ R & (M)

Ilpumep 1.32.

I'pad G' = ({1, 2, 3}; [1, 2] & [2, 3] & {(1,
3)}) (puc. 1.26 6) sBngercs noarpadom rpada
G = ({1,2,3,4}; [1,2] [L4] & [2,3] & [3.4] &
{(1,3)}) (puc. 1.26 a), atpad G" = ({1,2,3}; [1,2] &
{(3,2)}) (puc. 1.26 ) — gacteto rpada G.

2 2 2
1 3ASA
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Tak K€ MOXKHO «CKJIEMBATh» Pa3JIUYHbIE KOH-
Typbl ¢akTopa. PaccMoTpuM BHOBB 3aj/1auy O I1axMart-
HOM KOHE. biaromapsi CHMMETPHUM [IAXMAaTHOM JTOCKH
nostydaercs axtop. KieTrku, moMeueHHbIe OJIMHAKO-
BbIMU OykBamH, 0Opa3yroT KOHTyp. [[Ba KoHTypa
MOKHO OOBEIUHUTH TOTJA U TOJILKO TOTHa, KOTAa JIBE
IOCJIEIOBATENbHBIC BEPLIUMHBI OJHOTO COOTBETCTBEH-
HO CMEXKHBI C ABYMs MOCIIENOBATEIILHBIMUA BEPIIUHA-
MH Apyroro. Pa3nuyHble COCIMHEHUS MOKA3aHBI IMPH
MIOMOIIM BCIIOMOTaTeNbHOTO Tpada. Bemomoraress-

HBI Tpad HUMEET OYEBUIHBIH TaMIJIBTOHOB ITyTh
aDbCdACcB (puc. 4.7).

a1
o
[ar]
ol

Ty
:O}DUJ:UQ

L)

w
o
slatolo|lol|l®x

l .
’ ’
oo, m|O|® |0,

Puc. 4.7.

4. 5. 3agaun, cBsI3aHHbIE C NOUCKOM
raMmJIbLTOHOBBIX IIMKJIOB

B psime orpacield npOMBIIIIEHHOCTH BO3HUKAET
cieayronas 3ajgada IjaHupoBanus. HyxHo npousse-
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Puc. 4.6.

Teopema 4.3. (Kennra-Xomia (Konig D., Hall P.)) [Tapo-

coueranue, oToOpaxatouue V' B U, cylmecTByeT Toraa

U TOJIbKO Torna, koraa | EW | > | W | anst m060ro MHO-

xecrBa W. V.

CaeactrBue: Ilycts (V, U, E) — npoctoii rpad, a
m=max {|Ev|,|E " ul:v.V,u.U),

TOTJla BCErja CYUIECTBYET MapocOYeTaHHe, HCIOJIb-

3yI0Illee BCE T€ BEPIIMHBI V, ISl KOTOPBIX | Ev | =m, u

BCE T€ BEPLIMHBI U, 1151 KOTOPBIX | £ 'u | = m.

Teopema 4.4. Heo6xoaumMoe U 10CTaTOYHOE YCIOBUE
cymiectBoBanus ¢akrtopa y rpada (V, E) coctout B

TOM, 4TOOBI | EW | >| W | npu Bcex W C V.

CaencrBue: Eciu rpad (V, E) TakoB, 4To
|Ev|=|Ev|=m

JUISL JTFOOOM BEPIIMHBI v, TO IYTH 3TOro rpada MOKHO
pacnpeAeauTh M0 m HENEePECEKAIIMMNMCI MHOMKECT-
Bam W, W,, ..., W,, Kaxnoe U3 KOTOpPBIX 0Opa3yer
dakrop.

Otbickanue GakTopa SBISAETCS HECIOXKHBIM Jie-
JIOM, TIOCKOJIbKY 3TO €CTh 3ajadya O HauOOJBIIEM I10-
TOKe. MeTo1 HaXOKIeHUsI TaMUJILTOHOBA KOHTYpa CO-
CTOWT B HaXOXXJICHUH BceX (hakTopoB rpada u coxpa-
HEHHUH TOJILKO T€X U3 HUX, KOTOPBIE COCTOSIT U3 €IUH-
CTBEHHOT'O KOHTYpa.
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Puc. 1.26.

PaccMoTpuM HEKOTOpBIE OCHOBHBIE ONEpPAIHH,
IPOU3BOAMMBIE HAJl Tpadamu.

Onpenenenue 1.66. Onepayueti dobasnenus x rpady
G = (M, R) sepwunvr a odbpasyercs rpad {M ¥ {a},
R).
Omnpenenenue 1.67. Onepayus 0obasnenus oOyau
(a, b) x rpady G cocTout B oOpazoBanuu rpada

(M2 {a,b},R I {(a, b)}).
Omnpenenenue 1.68. [lon onepayueri yoanenus oyau
(a, b) w3 rpadba G TOHWMAETCS OmMEparys, 3aKITIO-
Yalolasicsl B yIaJieHUu napsl (a, b) U3 MHOXKeECTBa AyT
R B pesynbrate nonyvaercs rpad {M, R\ {(a, b)}).
Omnpenenaenue 1.69. Onepayus yoanenus eepuiunvl a
u3 rpada G 3akimoyaeTcsl B YJAJICHWW BEPIIUHBI a
BMECTE C UHIIUJCHTHBIMH €1 TyraMu:

M\ {a},R\{(b,c)|b=awnmmc =a}).
Omnpenenenue 1.70. Onepayus omoowcoecmenenus
séepwur a u b rpada G = (M, R) cocToUT B yJajieHUU
u3 rpada G BepmIMH @ U b U MPUCOETUHEHUU HOBOMH
BepIIUHLL a’, ayr (a', ¢), ecnu (a, ¢) X R wmm (b, ¢) R
R,u nyr (c, a"), ecmu (¢, a) R R, unu (¢, b) R R:
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(M\{a, b}) P {a'}; R\ {(c,d)|c=a,umud=a,

w ¢ =b,uma d = b}) P {(a’, ¢)|(a, ¢) Y R, uin

(b, o) RR} F {(c,a) [(c, @) RR, mmm (¢, b)) R
R}).
['oBopsAT, 4YTO TOCTPOCHHBIN epagh noaywaemcs Wu3
rpada G omooicoecmenenuem eepuwun a u b. B cny-
qae, Korjia @ U b coequHEeHbl Ayroi, Omepaiuio OTo-
KJICCTBJICHHS BEPIIUH a U b Ha3BIBAIOT CMACUBAHUEM
oyeu (a, b).

Ilpumep 1.33.

U3 rpada G, mokazanHoro Ha puc. 1.27, noGaBieHneM
BepIIMHBI 5 oOpazyercs rpad G, 100aBIEHUEM IYrd
(3, 1) — rpad G,, ynanenuem nyru (3, 2) — rpad Gs,
yaajneHueM BepinHbl 2 — rpad G4, OTOKIECTBICHUEM
BepivH 1 u 4 — rpad Gs, ctaruBanuem ayru (2, 3) —

rpa(b G6.
32 3 2 2 ﬁ
4 i1 1

2 3 2 3 3
o
5
o
1 4 1 1 4 1 4 1 4
G G G G3 Gy Gs Gs
Puc. 1.27.
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alglalalalolplo|lalplalalalolale
SAPTOTOAEToFe P || afn o olp | afalp
doloyolal Sdfo || dibidlofbl dlIrb
S50 oo o 15 | [0 516 M9 Fofald 1o
plalalalolg ol alpialolalag]p
e P oToTexe | | efeTeTafoTpiaip
Silo aaloldis || aybnfo | dofoe| BED
GBS Tole 1o | [ HF oo o hord 1o

Puc. 4.5.
4.4. PaxkTopbl

Onpenenenue 4.5. @akmopom rpada (V, E) Ha3biBa-
ercss yactuuHblii rpad (V, Ey), B KOTOpOM Kaxzaas
BepIIMHA 00JaaeT MOJIyCTENeHsIMU UCX0/a U 3aX0/1a,
paBHBIMU 1.

Besikuii raMUiibTOHOB KOHTYP SIBIsIETCS! (DaKkTo-
poM, HO oOpaTHOE HEBEpPHO, MO0 (haKTOp MOXKET CO-
CTOSITh U3 HECKOJBKUX KOHTYPOB 0€3 OOIIMX BEepLINH
(puc. 4.6).

X
-

d
€
A\ 4

@dakTop W TaMenbTOHOB ®axkTOp, HO HE TaMEeNbTO-
KOHTYD HOB KOHTYD
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(a, x) . E.(x,a1+1) . E . (@1, x) . E.
Ecnu He cymecTtByeT NyTu my= Xaj...d,, TO
(a1, x). E. (a2, x) . E, (ay,x). E, n IyTb m, = aj...apx
CYILIECTBYET, BOMPEKH JOMyIIieHUI0. TakuM oOpa3om,
MOJKHO IIIar 3a IMIaroM MOCTPOUTH MyTh, COACPIKAITUI
BCEe BepIIMHBI rpada.| |

IIpumeuanue: 13 3TOro pesynbrara BBITEKAET, YTO
BCEr/Ia BOBMOXHO YTHOPSAI0YUTh MHOKECTBO YYaCTHU-
KOB TypHHUpa TakuM 00pa3oM, 4TOOBI KaKIbIH Mpe.-
MIECTBYIOIIMI ObLT T0oOeaUTENeM HEMOCPEICTBEHHO
clenyromero (eciy, KOHEYHO, HU OJ[HA W3 BCTPEY HE
3aKaHYMBACTCA HUYBLEH).

4.3. 3aga4a 0 HIAaXMAaTHOM KOHeE

[TocTaBuM 3amadyy 0OOWTH KOHEM IIaXMaTHYIO
JIOCKY TakK, 4TO MOOBIBaTh B KaXKI0W KJIETKE POBHO I10
OJIHOMY pa3y. JTa 3a/ladya WHTEepPEcoBaja MHOTUX Ma-
TeMaTukoB, ocodenHno Jinepa (Euler L.), ne Myaspa
(de Moivres), Bannepmonaa (Vandermonde) u nip.

[TpaBumno, KoTOpOE, BUANMO, OMIPABILIBACTCS Ha
MpPaKTUKE, HO €IIe HE TOJATBEPKICHO TEOPETHUUCCKU
COCTOUT B CICAYIOIIEM: BCIKUN pa3 XOIUM KOHEM TY-
7a, OTKyJla OH yrpoKaeT HaUMEHbBIIIEMY YHUCITY eIle He
MIPOUIEHHBIX KJIETOK.

Hpyroit cnoco® COCTOMT B HAXOXKIECHUH Map-
HIpyTa MO MOJOBUHKE JIOCKH, CHMMETPUYHOM JTyOIHpO-
BaHUU €0 M COSTMHEHUH 000MX MapIIpyTOB (puc. 4.5).
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Onpenenenue 1.71. /lononnenuem rpada 6e3 netenb
G = (M, R) nassiBaercsi rpap G = (M, M’ \ (R
idy)).

Ilpumep 1.34.

Hononuennem rpada G, U300paKEHHOTO Ha

puc. 1.27, aBasercs rpadp G, NMoKa3aHHBIA Ha pUC.
1.28. ) 3

1 Ppc.128. 4

HYCTI) G1 = (Ml, Rl) ) G2 = (Mz, Rz) — Fpa(bbl.
Omnpenenenue 1.72. Ob6veounenuem rpados G, = G,
HaspiBaeTcs rpad (M, ¥ My, R, =¥ R,).
Onpeneaenne 1.73. Ecmu M, N M, # &, To nepece-
yenuem rpadoB G| & G, Ha3bIBaeTCs rpad

(M, & M, R, <& Ry).
Omnpenenenue 1.74. Konvyesoii cymmou rpadoB
G1 % G, naseiBaerca rpad (M, 2 M,, R| % R,), Tae
R1 % R2 = (R1 \Rz) ﬁ (R2 \Rl)

Ilpumep 1.35.
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s tpabdoB G = ({a, a, a3}
{lan,a0]F {(a2,a3)}) v Gy = (@i, az, as}; {(a1, @), (as,
al)}) (pI/IC 129) HaWTH Glﬁ Gz, Gl% G2, GI% G2.

[0 OnpeIeneHHIO HMEEM:

G Gy, = ({a, a, a3, as}; {[a1, ;)P {(ar, a3), (as,
a})s

G & Go= ({ay, ar}; {(a1, ar)}),

G Gy = ({a1, @, a3, as}; {( az, av), (az, a3), (as, ar)}).

a
a
a
as
aj as
G] G2
a a a

a as a as

ay ay ay
Onpenen@i{ﬁ% ¥275. CGedteSmen rga(f)%BGGl + G,
naseiBaerca rpad (M, MR, 2 R, 2 {[a, b]la
Ml, b .& Mz, a 75 b})
Ilpumep 1.36.

Hanbl rpadel G; u G,, NOKa3aHHbBIE Ha pHC.
1.30 a, naiitu coenuenueM G, + G,.

Coenunenuem G, + G, asnsercs rpad, mnpea-
cTaBJjeHHBIH Ha puc. 1.30 6.

ar ay as
Q
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) )

/ /
Puc. 4.4.

OrpanunuuBasi ycioBus teopeMsl [lomra, moiy-
yaeMm OoJjiee MpOCThle, HO MEHEE CHIIbHBIE JI0OCTAaTOY-
Hble ycloBuUs, HailneHHslie Ope u JlupakoM cOOTBET-
CTBEHHO:

CaencrBue 1. Eciiu p > 3 u deg u + deg v > p nns
000 maphl ¥ M v HECMEXHBIX BepiHH rpada G, To
G — raMWJIbTOHOB rpad.

CaencrBue 2. Eciiu p > 3 u degv > p / 2 nns mo0oit
BepiMHbI v Tpada G, To G — TaMUIBTOHOB Tpad.

Teopema 4.2. B nonnom rpade G(V, E) Bcerna cyie-
CTBYET raMUJIbTOHOB IYTb.
Jlokazamenbcmeo.
ITycte m = aya;...a, — IyTh JIMHBL p — 1, 1IpH-
YeM BCE€ BEPIIMHBI B 7 PA3JIUYHBL. X — BEPIIMHA . /1.
[Tokaxkxem, 4TO MOYKHO COCTaBUTh MMYTh BUJA
mp=ay...qXdg+...4p
[IycTh He cymIecTByeT Takoro IeJIOro 4ucia k,
3aKJIFOYEHHOr0 Mexay 1 u p, 9To
(ar, x) . E, (x, ar+1) . E.
Nwmeewm, cnenoBatensHo, s 1 <k <p:
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JOJKHO OBITh OOJiee YeM m BEPIIUH CO CTENEHSIMU,
NPEBOCXOSAIIUMUA M, W, CJIEIOBATEIbHO, HE MEHb-
muM, yeM p / 2. B pe3synbpTaTe Hailnercs HekoTopas
BEPIINHA, CKa)KEM V,, CTEIIEHH I10 KpaiiHel mepe p / 2,
He cMexkHad ¢ v;. Tak kak v| U v, HE CMEXHBI, TO Cy-
IIECTBYET OCTOBHAs IpOCTas LEMb V...V, Kak u BbI-
me, 0003HaYuM 4Yepe3 Vj,...,V;, BeplInHbl rpada G,
CMEXHBIE C V|, U 3aMETHM, 4TO BEPIINHA V, HE MOKET
OBITb CMEKHOM HHM C OJHOM M3 m BEPIUUH V; | JUIA
1 <j< m. Ho NmOCKONBKY V| M V, HE CMEXHBI, a V,
MMEET CTeNeHb He MEHbLIE p / 2, TO, KaKk ObUIO MOKa-
3aHO B MEpPBOM YaCTH JI0Ka3aTeJabCTBa, /M JOJHKHO
ObITh MeHbIe yeM (p — 1) / 2. Tak kak mo mpeanosio-
KEHHIO YHCIIO0 BEPIINH, CO CTETICHSIMH, HE MPEBOCXO-
ISIIAMA 7, MEHBIIE 4eM 7, TO XOTS Obl OJHa U3 m
BEPIIMH V; |, CKQKEM u, JOJUKHA HUMETh CTEIEHb HE
MeHblie p /2. UTtak, Mbl yCTaHOBWJIM, YTO CTEIIEHU
IBYX HECMEKHBIX BEPIIMH V, M u HE MeHbLIE p / 2.
IlosryyeHHOE NMPOTUBOpEUHE 3aBEPIIAECT JOKA3aTEIb-
CTBO TEOPEMBI. ||

[IpuBeneHHOE MOCTATOYHOE YCIIOBUE HE SIBIISA-
eTcs HeoOxonumbiM. Kybudeckuii rpad, nzo0paxeH-
HbIN Ha puc. 4.4, rTaMWJIbTOHOB, XOTS SICHO, YTO OH HE
yIOBIETBOPSIET YCIOBUAM TeopeMbl. OHAKO YCIOBUS
TEOPEMBI HEYITyUIlIaeMbl, TOCKOJIBKY TMPU UX Ocladiie-
HUU HOBOE YCJIOBHE YK€ HE OyJIeT JOCTaTOYHBIM JIJIs
raMUJIbTOHOBOCTH rpada.
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Puc. 1.30

Onpenenenue 1.76. Ilpouzseoenuem rpados G| x G,
HaswiBaeTcs rpad (M; x M,, R), B xotopoMm ((a;, b),
(as, b>)) W R Torga u TONLKO TOTAA, KOTAA d; = a; U
(bl, bz) .& Rz, NN b1 = b2 u (al, Cl2) .& Rl.

Ilpumep 1.37.

N3o0pasute npoussenenue G; x G, rpados

G =125 {(1,1),2, Di)n
G2: ({Cl, ba C}a [Cl, b] = {(ba C)}

Ha puc. 1.31 uzobpaxeHo npousBeneHrEe daH-
HBIX TpadoB.

(1, a) (1, b) (1, 0)

Q)

Y.

[
»

O
(2,a) (2,b) (2,0)
G, X G,y

Gy G,



Puc. 1.31.

C moMomipro onepanuu IpoU3BEACHUS OIpeie-
JUM 0 MHAYKIIMU BaXKHBIA Kiacc TpadoB, Ha3bIBae-
MBIX n-MepHbiMu Kyoamu (n-kyoamu). Paccmorpum
rpad K,, BepumHbl KoTOporo o6oznauum 0 u 1. n-
Mepnsiii ky0, win n-ky6 (,, omnpeaensercs Mo cie-
ayromuM npasunam: Qp — rpag 0e3 meTenb, COCTOs-
i U3 onHou BepmmHbl, Q) = Ky, O, = K, x O, 4,
n > 1. Bepmmnamu n-mepHoro kyoa Q, siBASIOTCS BCe-
BO3MOXHBIE #-KH, COCTOSIINWE W3 HyJEH U eIUHUIL
(Bcero Takux HabopoB 2"), a pebpa 3aqar0TCs 1O Clle-
IYIOIIEeMY MPaBUIIY: BEPLIMHBI CMEXHBI TOTAA U TOJIb-
KO TOTJa, KOTJla COOTBETCTBYIOIINE KOPTEKU paziiu-
YalTCAd POBHO OJHOM koopauHatou. Ha puc. 1.32 no-
Ka3aHbl IBYMEpHBIA () U TpeXMEpHbBI (3 KyObl.

(1,0, 1) (1,1, 1)
0,0,1) (0,1, 1)

0, 1) (1, 1)

©.0) (1.0) (1,0, 0) (1, 1, 0)

Puc. 1.32.

Onpenenenue 1.77. Komnozuyueu G [G,] rpados G,
u G, HazweiBaercs rpad (M; x M,, R), B KOTOpOM
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u3 G BUIA V;-|, TIOCKONBKY Torga B G Obul OBl ra-
MUJIBTOHOB LUK Vi V; ... Viji- V, V,—1...V;; V1 (puc. 4.3).

Puc. 4.3.

Jlanee, Tak Kak
n>(p-1)/2,top/2<degv,<p—1—-n<p/2,
4TO0 HEBO3MOKHO. IlosTOMy V| M Vv, NOIKHBI OBITH

CMEXKHBI.

Orcrona cienyet, uro ecnu deg v> p / 2 nus
Bcex BepmuH v, T0 G — ramuiabToHOB Tpad. (Huxke
3T0 cHOPMYJIMPOBAHO B BUIE cieAcTBusg 2.) B cmy
U3JI0)KEHHOTO BBINIE KaXknas mapa BepuiuH rpada G
CMexHa, T.e. G — monHbIi rpad. Mbl npunum K mpo-
TUBOPEUUIO, MOCKOJIbKY MOJIHBIA Tpad sBIsSETCS ra-
MUJIBTOHOBBIM JIJI51 BCeX p < 3.

Takum o0paszom, B G — ecTb BeplIMHA V C
deg v <p /2. Obo3HauuM vepe3 m HauOOJIBIIYIO Cpe-
U CTEeTNeHeW BceX Takux BepHiuH. Beibepem Takyto
BepHIMHY vy, 4To deg v; = m. Ilo nmpuHsTOMY NIpeano-
JIO’KEHUIO YUCIIO BEPIIMH CO CTENEHSMH, HE MPEeBOC-
XOISIIIUMU m, He Oojbie yeM m < p / 2, MO3TOMY
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Jloxkazamenbcmeo.

[Ipeanonoxxum, 94TO TeOpeMa HEBEPHA, U ITYyCTh
G — MaKCHUMaJIbHBI HETaMUJILTOHOB Tpad C p BepIu-
HaMHU, YJOBJIETBOPSIOIIUNA yCIOBUAM TeOopeMbl. JIerko
BUJICTh, UTO JI00aBIIeHUE JIFOOOTO pedpa B rpad, oba-
JAoUi yKa3aHHBIMH B T€OpPEME CBOMCTBAMH, MpU-
BOAUT K rpady, KOTOPBIM Tak ke 00JagacT ITUMHU
cBoiicTBamMu. Takum o0Opa3oM, MOCKOJIbKY J00aBICHUE
K G MPOU3BOJLHOTO pedpa MPUBOAUT K TAMIIBTOHOBY
rpady, g0k 1Be HECMEKHBIC BEPITUHBI COSTMHUMBI
MPOCTON OCTOBHOM (coneprKaleid Bce BEpIIUHbI Tpa-
¢a) menmio.

[ToxakxeM cHayama, 9YTO BCSIKas BEpIIMHA, CTE-
NeHb KOTOpOil He MeHblIe (p — 1) / 2, cMexHa ¢ Kax-
O  BEpPUIMHOM CO CTeNeHblo, OoJbplield YeMm
(p—1)/2. Honyctum (He Tepsisi OOIIHOCTH), YTO
degvi=(p—1)/2ndegv,>p/2, HO BepIIUHBI V| U
V, HE CMeXKHBI. Torzna cylecTByeT npocrasi OCTOBHAsA
LEIb V| V;...V,, COCTUHSIOMAs V| U v, (pucC. 4.2).

Puc. 4.2.
O0603HauYUM BEPIIHUHBI, CMEXHBIC C V|, UePe3 Vi1, .. .,Viy,
rae n =deg v, u 2 =1, < i, <...<1i, SIcHO, 4TO BepIIHU-
Ha V), HE MOKET OBITh CMEKHON HH C OIHOM BEPLIMHON
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(a1, by), (az, b»)) R R Toraa u TOABKO TOrAa, KOrja
BBITIOJTHSACTCS OHO W3 CISAYIOIINX YCIOBHIA:

1) (a1, @) RRy;
2) a,=au (bl, bz) .& Rz.

1.17. BHYyTpeHHSIA U BHEIIHAA YCTOHYHUBOCTH
rpajga

[TycTs 3aman HekoTopsIil rpad G = (M, R).
Onpenenenne 1.78. I[ToamuoxecTBo Bepimd S & M,
B KOTOPOM JIBE JIOOBIE TOUKH SIBISIFOTCSI HECMEXKHbI-
MU, Ha3bIBACTCS GHYMPEHHE YCMOUYUBLIM.

O6o3HaunM |S| — MoOMIHOCTH MHOXecTBa .
Ilycts F' — MHOECTBO BCEX BHYTPEHHE YCTOWYMBBIX
MHOKECTB.
Omnpenenenune 1.79. Yuciom BHyTpEeHHEN yCTONYUBO-
ctu rpada G Ha3bIBaeTCA

a (G)=max ‘S ‘
SeF

Otpickanne o (G) HY)KHO Ha4MHATH C MaKCH-
MaJIbHOTO YHCJIa BEPIIUH U, IIOCTETICHHO yBEINYNBAs
€ro, MpoBepsITh, 00Pa3yIOT JIM BHIOPAHHBIE BEPIIUHBI
BHYTPEHHE YCTOMYHUBOE MHOKECTBO.

X
1 X %, X Xy
X, X X %X 2 .=
Gl G2 G3
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Puc. 1.33.

Jlnst rpadoB, n3oOpaxkeHHbIX Ha puc. 1.33, ume-
€M CIIENYIOIINE 4YHUCia BHYTPEHHEH YCTONYMBOCTH.
o(Gy)=1, T.x. mobas mapa BepmmH G SBISETCS
cmexxHo. I'pad G, uMeer nBa BHYTpPEHHE YCTOWYH-
BBIX MHO>KECTBA

S1 = {Xl, X3}, Sz = {X4, Xz}.
Tax kak, |S1| = |S,| = 2, T0, cnenoBarensHo, a (Gy) = 2.
I'pad G5 conepUT BHYTPEHHE YCTOMYMBBIC MHOKECTBA
S1= {x1.xs5), $2= {Xl,x3}, S3= {X1,X4},
S4: {XQ,X5}, S5: {Xz,X4}.

Ho ecnmm x mr000My HM3 ATHX MHOXKECTB /100a-
BUTHh KAaKyIO-TUOO BEpIIMHY, HE COJEpKallyrocs B
HEM, TO MOJMHOKECTBO MEPECTaHET ObITh BHYTPEHHE
YCTOMYMBBIM, ClieoBaTeNbHO, o (G3) = 2.

Onpenenenne 1.80. [TogmuoxectBo Bepmun T & M
€CTh GHeulHe YCmou4u8oe MHOXKECTBO, €CITU JIJIsl KaXK-
n0it Toukn x; N (M \ T) BBIIOJIHEHO YCIOBUE

I'(x) & T=0,
rae 17 (X;) — MHOECTBO JIyT, IOPOKIEHHBIX TOUKOM X;.
O6o3Hauum |7] — MOIIHOCTH MHOXKecTBa 7.

I[Iycte @ — MHOXKECTBO BCEX BHEILIHE YCTOMYMBBIX
MHOYECTB.

Omnpenenenune 1.81. Yncnom BHEMHENW yCTOWYUBOCTH
rpada G Ha3bIBaeTcs
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OTMeTUM, YTO MPUAYMAHO €III¢ MHOTO JIPYTHUX
pa3BIICKaTEIBHBIX W TIOJIC3HBIX 3a/1ad, CBS3aHHBIX C
MIOWICKOM TaMWJIBTOHOBBIX ITUKIOB. CdopMmymupyem
JIBE U3 HUX.

1. 3aoaua npo 6amkem. KommnaHuioo M3 HECKOJIBKHUX
YeJIOBEK TpeOyeTcs paccauTh 3a KPYIJIbIM CTOJIOM
TaKUM 00pa3oM, YTOOBI IO 00€ CTOPOHBI OT KaXK10-
ro CUJIEIH ero 3HaKoMmble. OUEBUTHO, JIJISI PEIICHUS
ATOW 3aJla4¥ HY>KHO HAWUTH TaMUJIbTOHOB IIHMKJ B
rpade 3HaKOMCTB KOMITaHHH.

2. 3adaua o waxmamnom xkone. MOXHO T, HAUUHAS C
MIPOU3BOJIBHOTO TIOJISI MIAXMATHOW JTOCKH, OOOUTH
KOHEM MOCIIeI0BAaTeNIbHO Bce 64 Mo M0 OJAHOMY
pa3y U BepHYThCs B UCXOHOe moJie? (pemienue Oy-
JIET PACCMOTPEHO HIXKE).

Crnenyromast Teopema, mokasaHHas [lomia
(Posa L.), maer mocraro4yHoe ycCJlOBHE TOTO, YTO He-
OpUEHTHUPOBAHHBIN Tpad SBISETCS TaMUIbTOHOBBIM.
Ona o0o0maeT pe3ynbTarhl, MoiayyeHHble paHee Ope
(Ore O.) u Hupakom (Dirac G.A.), KOTOpbIE MPHUBO-
JISITCS 371€Ch B BUJIE CIICACTBUM.

4.2. OCHOBHBIE TeOpeMbI U UX CJIeICTBUA

Teopema 4.1. Ilycte G umeet p >3 BepunH. Ecnu
st Besikoro n, 1 <n < (p — 1)/2, uncno BepmuH co
CTENIEHSIMU, HE TIPEBOCXO/ISIIIIUMHU /1, MEHBIIIE YEM 71, U
JUTSI HEYETHOTO p YKCIIO BepiuH crenenu (p—1)/2 He
npesocxoaut (p — 1)/2, To G — raMuIbTOHOB Tpad.
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IIUHAM Vi,...,V, Tpada G 100aBUTH BEPIINHBI Uj,. .. U,
U MHOXecCTBO pedep {(v;, u;)} [pic]{(u;, vi+1)}.

CreneHplo BEpIIMHBI V HA3bIBAETCA YUCIO pe-
0ep d(v), MHIUICHTHBIX €H, MPU ITOM TETJs YUUThI-
BaeTcs IBaXIbl. B ciiyyae opueHTHpOBaHHOTO rpada
pa3IMyalT CcTeneHb do(Vv) MO BBIXOAAIIUM Ayram Hu
di(v) — 10 BXO/ISIIIIHM.

VYka3aHHbIC HAa3BaHUS LENEN U IUKIOB CBA3aHbI
¢ umeHeM Ywuibsama ['amunbsTona (Hamilton W.), ko-
Topblid B 1859 ronmy mpeniokuil CIEenyllyl Urpy-
TOJIOBOJIOMKY: TpeOyeTcsi, mepexoAst Mo odepenud OT
OJIHOW BEPIIMHBI JOACKadpa K APYrod BEpLIMHE I10
ero pedpy, oboiitu Bce 20 BEpIIMH MO OJHOMY pa3y U
BEPHYTHCS B HAUAJIbHYIO BeplIuHy (puc. 4.1).

Puc. 4.1.
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P(G)= rjnig‘T‘

IIpu moacuere yucna BHEIIHEW YCTOMYMBOCTH
CJIeayeT HauMHATh C MAaKCHUMaJbHOTO YHUCJa BEPIIUH
rpacda, 3aTeM yMEHbBIIATh €ro, IMPOBepss, o0pa3yroT
JU BBIOpaHHBIC BEPIIMHBI BHEIIHE YCTOWYHMBOE MHO-
’KECTBO.

Ilpumep 1.38.

OrnpenenuM Yucao BHEIIHEW YCTOMUUBOCTH ISt
rpadoB, n3ob0paxkeHHsix Ha puc. 1.33. Jlobas mapa
BepminH rpada G; oOpasyeT BHEIIHE YCTOHYHMBOE
MHOXECTBO, HO JI00as €ro BepIlMHA HE SBISCTCS
BHEIIIHE YCTOWYMBBIM MHOXKECTBOM, CJIEIOBATEILHO,
4 (Gy) = 2. I'pad G, COOEPKHUT JBa BHEIIHE YCTOM-
YUBBIX MHOXeCTBa 17 = {x|, X3}, T» = {x2, X4} C MUHH-
MaJIbHBIM YHCJIIOM JJeMeHTOB, T.e. d7 (Gy) = 2. s
rpada G; BHEIIHE YCTOMYMBBIM MHOXECTBOM MHHH-
MaJIbHOM MOIIHOCTH sBisieTcs T = {x,, X5}, 1.€. d7 (G3)
=2.

K onpenenennro ynciia BHEMIHEN YCTOMYUBOCTH
rpada cBoguTCcs 3a7ada o yacoBbiXx. Ha mocTy pac-
CTaBJICHBI YaCOBBIC, OXPAHSIOIMNE 7 OOBEKTOB, MPH-
YeM OJIMH U TOT K€ YaCOBOW MOKET HaOJII0JaTh 3a He-
CKOTbKUMH OOBeKTamMH. HyKHO BBISICHUTH, KaKOBO
MUHHMMaJIbHOE YHCIO YaCOBBIX, HEOOXOAUMBIX st
HaOmrofeHust 3a Bcemu oObekTamu. ['pad, uzoOpa-
YKEHHBIN Ha puc. 1.34, COOTBETCTBYET ClIeIyIOUIEH 3a-
nade: 9 BepmmH Tpada — oxpaHsemMble OOBEKTHI
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(n=9), pebpa xapakTepu3ylOT BO3MOXHOCTb IPO-
CMaTpuBaHUsi OOBEKTOB YAaCOBBIMU. Tak, Hampumep,
4acoBOW y 00beKkTa X; MOKET OJIHOBPEMEHHO HaOJII0-
naTh 32 00bekTaMu X;, X3, Xy, Xg, Xo, 4acoBOM y 00b-
ekta X, — 3a oobekTamu X, X3, X7, Xy u 1.1, Jlng naH-
HOTO rpada 4Yucio BHENIHEH yCTOMYMBOCTU PaBHO 2.
Bremine ycToitunBoe MHOXKECTBO 00pa3yrOT BEPIIUHbI
X4, Xg. JloCTaTOYHO ABYX 4aCOBBIX, PACHOJIOKEHHBIX B
TOYKax X; v Xz, JJIsl OXpaHbI BCeX 0OBEKTOB.

2. OcHoBHBIE TeOpeMbl TeopuM rpagos

Teopema 2.1. YaBoeHHass cyMMa CTENIEHEW BEPIIUH
mo0oro rpada paBHa YHUCIy ero pedep.
Jlokazamenbcmeo.
Ilycts A;, Az, A3, ..., A, — BEpIIUHBI JTaHHOTO
rpada, a p(4;), p(4,), ..., p(4,) — cTeneHn 3TUX Bep-
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IBYX TMapaieNbHbIX pedep MeXIy J0ObIMU ABYMS
BEpIIMHAMH, T.€. ONITUMAJIHHBIN ITUKI HE TIPOXOANUT HU
o Kkakomy peopy rpada G 6osee yem aBa pasa.

4. 'aMHJIbTOHOBBI ITUKJIBI
4.1 OcHOBHBIE ONIpeIeIeHUsI

Onpenenenue 4.1. I'amunsmonosoti yenvto rpada Ha-
3bIBAETCS €T0 MPOCTas ENb, KOTOPasi IPOXOJIUT Yepe3
KaXXyI0 BEpIIMHY I'pada TOYHO OAUH pa3.
Onpenenenue 4.2. [{uxn rpada, nmpoxoasnui yepes
KKy €ro BEepIIWHY, HA3bIBACTCS 2aMUNIbMOHOBLIM
YUKTIOM.

Omnpenenenue 4.3. I'pad Ha3bIBaeTCS 2amuibmoHO-
8bIlM, €CTTU OH 00J1aJJaeT TaMUJIbTOHOBBIM ITUKJIOM.
Onpenenenue 4.4. I'pad, KOTOpBIM COAEPKHUT MPO-
CTOM Iy Th, NPOXOASAIIMMI YePe3 KAKIYIO €r0 BEPIINHY,
HA3bIBACTCA NOIY2AMUTLINOHOBLIM.

OTO ompeneseHue MOXKHO PaciHpoCTpaHUTh Ha
OPUEHTUPOBaHHKIE rpadbl, €CIIU MyTh CUUTATH OPUCH-
TUPOBaHHBIM. ['aMHJIBTOHOB LIMKJI HE 0053aTelIbHO
COJIEPKUT Bce pedpa rpada. SAcHo, 4TO raMUIIBTOHO-
BBIM MOXET OBITh TOJILKO CBSI3HBINA Tpad M, 4TO BCS-
KU TaMWIBTOHOB Tpad sBIAETCS MONTYraMUIbTOHO-
BbIM. 3aMETHM, YTO T'aMWJIbTOHOB LIMKJ CYILIECTBYET
JaJeKo He B KaX0M rpade.
3ameuanmue: Jro6oi rpad G MOXHO TPEBpPaTUTH B
raMuIbTOHOB I'pad, J00aBUB JTOCTATOUYHOE KOJIMYECT-
BO BEpIIMH. [[1s1 3TOr0, HampUMep, JOCTATOYHO K BEp-
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Xq B Xg), COOTBETCTBYIOIYIO BECY d,p, A€Tast 1mar 1.
JloGaBuM uckyccTBeHHbIe pedpa B (G, COOTBETCT-
BYIOIIUE peOpaM U3 g, U MPOJIEIaeM 3TO JUis BCEX
JIpYTuX 1eneil u3 MHokecTBa M , B pe3yibTare ue-
ro monyuuresi rpad G~ (M).

4. Cymma BecoB Beex pebep rpaba G~ ( M), HaiineH-
Has C MCIOJb30BAHMEM MaTpULBI [c;] (BeC HCKyC-
CTBEHHOTO pebpa Oepercs paBHBIM Becy mapal-
JENBHOTO €My peajbHOTO pedpa), paBHA MUHHU-
MaJbHOMY Becy LuKia, mpoxojsmero no G. Ilpu
3TOM YHUCJIO NPOXOXKACHUHI LIUKIA 110 pedpy (X;, X))
paBHO OOIIEMY YHCITy TTapaJICIBHBIX pedep MEKITy
X; U X; B G (M).

ITokaxkeMm, YTO YKa3aHHBIM BBILIE AJITOPUTM
CTPOUT MUHUMANbHBIY TUKI. [ 3TOro cienyer 3a-
METHUTh, YTO IMMOCKOJBKY Ha Imare 2 Mbl HCIIONB3YyeM
MUHUMAJIBHOE MapoCcoYeTaHUE, HUKAKWE JIBE KpaT-
Yailye Lenu [; U Uy, TPY TaKOM NapOCOYETAHUU
(cKakeM, MAYIIUE U3 X; B X; U U3 X, B X;) HE MOTYT
uMeTh oOmiero pebpa. Ecnu 61 oHM umenu oOree
pebpo (x4, X;), TO cOYETAaHHE BEPILUH X; U X, (UCIIOJb-
3yIollee TMOALEHH OT X; K X H OT Xj, K X,) U COUETAHUE
Hapsl BEPLIMH X, U X; (MCIOJIb3YIOLIEE NOALEIN OT X, K
X, ¥ OT X, K X;) JaBaJIo Obl 00lIee MapoCOYETaHNE Beca
2¢,4p, MEHBILIETO YE€M BEC MEPBOHAYAIBHOTO IMapOCOYe-
TaHUsS, YTO MPOTUBOPEUYUT MPEAMOTIOKCHUIO O MUHHU-
MaJIBHOCTH HCXOIHOTO mapocoderanus. Crnemosa-
TenbHO, Tpad G~ ( M ")He HOIDKEH comepxkats Goiee
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mwH. [Toacunraem duciao pedep, CXOMAMUXCI B KakK-
JIOW BEpIIMHE, U TIPOCYMMHUPYEM ITH YUCIA. DTO paB-
HOCHWJIBHO HaXOXKJIECHHI0O CYMMBI CTENeHEH BCEX Bep-
muH. [Ipr Takom mojcueTe kaxaoe pedpo OyaeT yd-
TEHO JIBaXKIbl (OHO BEIb BCETJIa COCIUHSCT JBE BEP-
IITUHBI).

Otcrona cienyer:

p(4;) +p(4:) + ... + p(dn) = 0,5N,
WA

2(p(4) +p(d2) + ...+ pdn)) = N,
rae N — aucio peoep. [

Teopema 2.2. Uuciao HEYETHBIX BEPLIMH JOOOTO
rpada yeTHo.

Jlokazamenbcmeo.
Ilycte ay, as, as, ..., @ — 3TO CTENEHU YETHBIX
BepuiuH rpada, a b;, b, bs, ..., b, — CTEIIEHH HEYET-

HbIX BepiuH rpada. Cymma

a; +a, + as +...+ (4573 + b] + b2 + b3 +...+ bm
POBHO B JiBa pa3a MPEeBBIIIAET 4yucio pedbep rpada.
Cymma a; + a, + a; +...+ a; yeTHas (Kak cymMMma 4eT-
HBIX YHCEN), TOTJIa CyMMa

b+ b,+b;+...+ b,

JIOJDKHA OBITH YETHOHW. DTO BO3MOXKHO JIMIIL B TOM
cily4ae, €Clid m — YETHOE, TO €CTh YETHBIM SIBIISIETCS U
YHUCJIO0 HEYETHBIX BepIInH rpada. Yto u TpedoBanock
o0oKas3arh. ||
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Caeacreue 1. HeuetHoe uncio 3HAKOMBIX B JH000M
KOMITaHWUHU BCETJa YETHO.

Caencreue 2. Uncno BepIIMH MHOTOTPAaHHUKA, B KO-
TOPBIX CXOAUTCSA HEYETHOE YNCIIO pedep, YETHO.
Caencrue 3. Uucno Bcex nroaeH, xorga-nmudo mo-
KaBIIMX PYKY OPYTMM JIIOASIM, HEYETHOE YHUCIIO pa3,
ABJISIETCS] YETHBIM.

Teopema 2.3. Bo Bcskom rpade ¢ n BepuiMHamu, rae
n OO0JIbIIE WIM PABHO 2, BCEra HalayTcs 1Be WK 00-
Jiee BEPILUHBI C OJJUHAKOBBIMU CTEIIECHAMH.

Jloxazamenbcmeo.
Ecnu rpad umeer n BepiuH, TO Kaxaas U3 HUX
MOeT umeTh creness 0, 1, 2, ..., (n — 1). IIpeamnono-

UM, 4YTO B HEKOTOpOM rpade BCE €ro BEepIIUHbI
UMEIOT Pa3JIMYHYIO CTEIEHb, TO €CTh, U MOKAXEM, UTO
3TOrO OBITH HE MOXKET. JleiicTBuTeNnbHO, eciu p(4) =0,
TO 3TO 3HAYUT, YTO A — U30JUPOBAHHAS BEPILIHUHA, U
no3ToMy B rpade He Haiercs BepIIuHbl X co cTere-
b0 p(X) = n — 1. B camom perne, 3Ta BepiirHa JOJK-
Ha OBITH coeMHEHA C (n — 1) BEepIIMHOM, B TOM YHCTIE
u ¢ A, Ho Belb A okazaliach u3oaupoBaHHOU. Creno-
BaTeJIbHO, B Tpade, UMEIOIIEM 7 BEPIIHUH, HE MOTYT
OBITh OJJHOBpPEMEHHO BepiiMHbI crenienn 0 u (n — 1).
DTO 3HAYUT, YTO U3 /1 BEPIIUH HAWUIYTCS JBE, UMEIO-
[I[€ OAUHAKOBBIE CTENICHH. | |

Teopema 2.4. Ecnu B rpade ¢ n BepmmHamu (n 6071b-
1€ WM PaBHO 2) TOJBKO OJHA Mapa MMEeT OJMHAKO-
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u3 G (M) n0KHO TPOXOAUTHCS OJUH pa3, TO Teope-
Ma J0Ka3aHa.

ANTOpPUTM pelIeHus 3aa4dl KUTaUCKOTOo MOoY-
TaJlbOHA HEMEMJICHHO CJEeAyeT M3 JOKa3aHHOM Teope-
MBI, TaK KakK BC€, YTO ISl ITOr0 HEOOXOIMMO, COCTOUT
B HAXOY/ICHUM MHOKeCTBa 1eneit M (LemHOro mapo-
COYETaHUs Il MHOKECTBA BEPIIMH HEUYETHOU CTeme-
HU), JAIOIIETO0 HAWMMEHBIIUN JOMOJHUTEIbHBIN BeC.
[{ukn HamMeHsbIIETo Beca, mpoxosanuii mo G, Oyner
UMETh BEC, PaBHBII CymMMe BEeCOB Bcex pebep u3z G
ILIIOC CyMMa BecoB pebep B mermsix u3 M . D10 To ke
camoe, 94TO U CyMMa BECOB BCEX pedep — peajbHBbIX U
MCKyCCTBEHHBIX — rpada G~ (M).

Onucanue aneopumma pewienus 3a0a4u KUmauicKo2o
noOYManboHa

1. Ilycts [c;] — maTpuna Becos pedep G. Mcnonb3ys
QITOPUTM HAXOXKIACHUS KpaTdailiien nenu, oopasy-
eM | X | «| X | — matpuny D = [d,], rne d; — Bec 1e-
I HAaWMEHBUIETO BECa, MAYIIEM H3 HEKOTOPOU
BEPILUHEI X; € X B IPYryl0 BEPLIUHY X; < X .

2. Haiipem 10 nennoe napocoueranue M st MHO-
xecTBa X, KOTOpOe JaeT HAaMMEHBIINI BeC (B CO-
OTBETCTBUM C MaTpuileii BecoB D). DTO MOXHO
caenath 3PGEeKTUBHO C MOMOIIBIO AITOPUTMA MHU-
HUMAJIBHOTO TTAPOCOYETAHUS.

3. Eciu BeplinHa X, COYETAETCS C APYrol BEpIIMHOMN
Xp, TO ONPENEIUM LENb [,z HAUMEHBIIETO Beca (W3
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Ecnu tukn npoxoaut no rpady G, To, Mo Kpau-
Hel Mepe, OJIHO Pedpo, MHIUMIECHTHOE KaXKIIOW Bep-
IIMHE X; HEYETHOH CTENeHH, JOJKHO IMPOXOIUTHCS
nBaxabl. (Pebpo, mpoxoammoe aBa)KIbl, MOKHO pac-
cMaTpHBaTh Kak JiBa MapajuieJbHbIX pedpa — OJIHO pe-
aIbHOE M OJIHO MCKYCCTBEHHOE — M Ka)XJ0€ U3 HUX
npoxonutca ofauH pas). Ilycte sTto pedpo (x;, x;). B
ClIy4ae HEUETHOCTH CTETEeHH dj BEpUIUHBI X; rpada G
n00aBJIeHHE HCKYCCTBEHHOro pedpa, Mpexae BCEro,
clenaer dy 4eTHBIM, W 3HAUUT TOJIBKO pedpo (x;, Xi)
HY>XHO OyJIeT TPOXOJIUTH JBAXKIbI, €CITM OTPAHUYUTh-
Csl paCCMOTPEHHMEM JIMIIb BEPUIMH X; U X;. B ciyuae,
Korja dj; 4eTHO, MOOaBJICHHE MCKYCCTBEHHOTO pedpa
cenaeT dy HEeYeTHBIM, a BTOPOE PeOpO, BBIXOASIIEE U3
Xk, JOJIKHO OBITH MPOUJEHO ABAXIHI (T.€. J0OABIISICT-
Csl ellle OJJHO UCKYCCTBEHHOE pedpo). Takast cuTyarus
COXpaHsieTCs 10 TeX MOop, MOKa HE BCTPETUTCS BEPIIU-
Ha HEYETHOM CTEeNeHH, O 4YeM roBOpHIIOCh Bbilie. Crie-
JIOBATEJIbHO, YTOOBI YJIOBJIETBOPUTH YCIOBUIO BO3-
BpAIICHUS B BEPIIUHY X;, HY>KHO JIBXK/IbI IPOUTH BCIO
LeNb U3 X; B HEKOTOPYIO APYIYI0 BEPIIMHY HEYETHOU
cTeneHu x, € X . DTO aBTOMAaTWYeCKU MPUBOIUT K
BBITIOJIHEHUIO YCIIOBUSL TMPOXOXKJACHHUS BEPIIMHBI X,.
AHanornyHO OOCTOUT JAEJO IJISi BCEX APYTUX BEPITUH
x; € X . DTO 3HAYHUT YTO BCE€ MHOXKECTBO M 1iemeil u3
G, onpeielIeHHOE BhIIIIE, JOJKHO MPOXOIUTHCS TBAXK-
Ibl, U TaK KaK OTCIOJIa BBITEKAET, YTO KaxK7a0e pedpo
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BYIO CTEIE€Hb, TO B 3TOM I'pade Bceraa Haiaercs, 11do
eIMHCTBEHHAs M30JIMPOBAaHHAs BEpIITWHA, OO €IUH-
CTBEHHAs BEpIITNHA, COCTUHEHHAS CO BCEMHU JPYTUMHU.

CopepxaHre 3TOH TEOPEMbI XOPOIIO Pa3bICHS-
eTCsl 3a/1aUeii: TPyIa, COCTOSIIAs U3 71 IKOJHLHUKOB,
obmenuBaetcst portorpadusiMu. B HEKOTOPBIE MOMEHT
BPEMEHU BBIACHSIETCS, YTO JJBOE COBEPIIIN OJUHAKO-
BOE 4Kclio 0OMeHOB. /[oka3aTh, UTO Cpenu MIKOJIbHU-
KOB €CTh JIMOO OJMH €ll¢ He HayMHaBIIHKA OOMEHa,
1100 OJIMH yKe 3aBEPIIUBIINH €TO.

Teopema 2.5. Ecnu y rpada Bce mpocThie [UKIIBI YeT-
HOM NJIMHBI, TO OH HE COAEPKUT HHU OJHOTO ILIMKJA
YETHOM JJIUHEIL.

CyTph TeopeMbl B TOM, YTO Ha 3TOM Tpade He-
BO3MOKHO HAaWTH IUKI (KaK MPOCTOM, TaK U HENpO-
CTOI1) HEUETHOM JIJIMHBI, TO €CTh COJIEPKAIIUN HEUeT-
HOE YHCIIO pedep.

Teopema 2.6. Jlns Toro, uroOwl rpad ObLT dilepo-
BBIM, HEOOXOJWMO M JIOCTATOYHO, YTOOBI OH OBLI
CBSI3HBIM U BCE €T'0 BEPIIUHBI UMEJIU YETHYIO CTETIEHb.

Teopema 2.7. JIns Toro 4toObl Ha CBSI3HOM Trpade
MOHO OBLTO OBI MPOJIOKHUTH IETh AB, coaepKamryro
BCE €ro pedpa B TOYHOCTH MO OJHOMY pa3y, HE00XO-
IUMO M JIOCTAaTOYHO, YTOOBI A U B OBLIN €IUHCTBECH-
HBIMU HEYETHBIMU BEPIIMHAMU HTOTO Tpada.
Jloxkazamenbcmeo.
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Jlist nokaszaTenbCcTBa K UCXOAHOMY rpady mpu-
coeaunsieM pedbpo (A4, B); mociie 3TOro Bce BEPIIUHBI
rpada cTaHyT YeTHbIMU. DTOT HOBBIM Tpad yaoBIIE-
TBOPSIET BCEM YCIIOBUSAM TE€OpPEeMbI 2.6, U MOITOMY B
HEM MOJKHO MPOJIOXKUTH ditepoB 1uka Y. U ecnu Te-
nepp B ATOM IUKIIEC yAalIuTh pedbpo (4, B), To octa-
HETCS UCKOMas 1enb AB. [

Ha »TOM mnpueMe OCHOBaHO JOKa3aTelbCTBO
CIIEyIOLEH TEOpPEMBbI, KOTOPYIO CIEIYyEeT CUUTaTh
000011eHeM TeopeMsl 2.7.

Teopema 2.8. Ecnu nannblii rpad sSBIsSETCS CBSI3HBIM
U uMeeT 2k BEpIIMH HEYETHOM CTENEHH, TO B HEM
MO>KHO TIPOBECTU Kk Pa3lMYHBIX LIETEH, COAep K allux
BCEe ero pedpa B COBOKYIHOCTH POBHO IO OJHOMY
pasy.
Teopema 2.9. PaznuuHbIX 1epeBbEB C 1 MIEPEHYMEPO-
BaHHBIMHU BEPIIMHAMH MOXHO ITOCTPOUTH 1 "'~

DTa TeopeMa U3BECTHA, B OCHOBHOM, KaK BBIBOJI
anrmiickoro maremaruka A. Komm  (1821-1895).
I'padpi-nepeBnst n3naBHA MPUBJICKAIN BHUMAHUE yde-
HbIX. CeroiHs IBOWYHBIE JEPEBBS UCIOJIB3YIOTCS HE
TOJIKO MaTeéMaThKamMH, a U OMOJIOraMH, XMMHUKaMH,
¢u3nKaMu 1 UHXEHEpaMH.
Teopema 2.10. [Tonublii rpad ¢ MAThIO BEpUIMHAMU HE
SABJISIETCS TUIOCKHM.

Jloxazamenbcmeo.
Bocnonb3yemcs popmyoit Diinepa:
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[lycte M — MHOXXECTBO TakuX Lener (CKaxem
ti7) B G MEXIy KOHLIEBBIMH BEpPIINHAMU X; U X; € X,
YTO HUKAKWE JBE IICMU HE MMEIOT OJWHAKOBBIX KO-
HEYHBIX BEpIIMH, T.€. LIETH COCIUHSIOT PA3THYHbIC
napbl BepiidH W3 X W TMOKPBIBAIOT BCE BEPIIUHBI
MHOkecTBa X . Uncno neneit u; B M pasHo 1/2 | X | n
BCerja IeJo, eciii KOHEYHO OHO ompeneneHo. [Ipen-
MOJIOKUM TeMeph, YTO Bce pedpa, oOpasyromue Ienb
Wi, TEIepb YyABOEHBI (JOOABIEHBI UCKYCCMBEHHbLE
pebpa). Tak moctynaeMm ¢ Kakaoi 1emnsto u,;€ M n no-
Ty4eHHbIH rpad obo3HauuMm ueped G (M). Tak kak
HEKOTOpbhIe pedpa u3 G MOTYT BXOIUTH OoJjiee 4eM B
OJHY LieNb [;, TO HEKOTOpble pedpa u3 G (M) moryt
OBITH (TIOCJIE TOTO KakK J00aBJICHBI BCE «HOBBIC» IIETH
Ui7) YTPOCHBI, yUETBEPEHBI U T.]I.

Teopema 3.3. Jlna nr060ro nuKia, MPOXOASILETO IO
G, MOXHO BBIOpaTh MHOXECTBO M, i KOTOPOTO
rpad G (M) umeeT 3isIepoB LUK, COOTBETCTBYIOLIUH
NEPBOHAYATIBLHO B3STOMY LIMKIY B Tpade G. ITo cooT-
BETCTBHUE TAKOBO, YTO €CJIM IIUKJI IPOXOJUT MO pedpy
(x;, x;) u3 G [ pa3, o B G (M) cymectByer [ pedep
(omHO peanbHOE M /[ — 1 MCKYCCTBEHHBIX) MEXKIY X; H
X, K&XKJ0€ U3 KOTOPBIX IPOXOJUTCS POBHO OIUH pa3
sinepoBeiM UkIoM U3 G~ (M). CnpaBeqyiuBo U 00-
paTHOE YTBEpKICHUE.
okazamenvcmeo.
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MU3HPYIOLIEr0 OOIMKA KWIOMETpax (Wi BpeMms,
CTOMMOCTbD 1 T.1I.).

c¢) llposepxa snekmpuueckux, mene@oOHHbIX ULU dHce-
J1e3H000poxcHbIX auHul. [lpobliemMa WHCIEKTUPO-
BaHUS PaCIHpe/IesICHHbIX CUCTEM (JIUIIb HEKOTOPhIE
U3 KOTOPBIX HA3BaHbI BHIIIE) CBsA3aHA C HEMPEMEH-
HbIM TpeOOBaHHEM NPOBEPKH BCEX «KOMIIOHEHT).
[ToaToMy oHa Takxke sIBIsieTCS MpoOIeMoi Tuma 2)
niM Onu3Ka K Hel.

3.5. 3axavya KMTAMCKOI0 MOYTAJIbOHA

PaccmoTpuM  HEOpPHEHTHpPOBaHHBI  Tpad
G (X, A). Cpenu BepumivH u3 X HEKOTOPbIE BEPLIMHBI
(ckakeM W3 MHOXecTBa X ') OYAyT MMETh UYETHBIC
CTEIeHH, a ocTalbHbIe (13 MHOXKecTBa X = X\ X ') —
HeveTHble cTeneHr. CyMMa cTeneHel d; BceX BeplIuH
Xx;€X paBHa yJIBOEHHOMY uuciy pebep B A (T.K. Kax-
noe pedpo mo6aBiIseT MO €IUHMIE K CTEHEHSM JIBYX
€ro KOHIIEBBIX BEPIIMH) M MO3TOMY paBHAa YETHOMY
yucity 2m. ClenoBaTeasHo,

> d;= 3 dit > d;=2m

xl.eX xi€X+ xl.eX_

M TaKk Kak IepBas CymMMa 4YeTHa, TO BTOpas cymMMa
Takke yetHa. Ho Bce d; B mocneanelt cymMme HEUETHBI,
3HAUUT YUCIIO | X | BEpLIMH HEYETHOU CTENEHU YETHO.
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B-P+I=2,
rie B — 4yuciao BepiMH IJockoro rpada, P — 4ucio
ero pedep, I’ — uwucio rpanei. @opmyna Diinepa
CIpaBeJIuBa JJI TUIOCKUX CBSI3HBIX I'padoB, B KOTO-
PBIX HU OJIMH U3 MHOTOYTOJIbHHUKOB HE JIEKUT BHYTpHU
JOpYToro.

Oty (dopMylly MOXKHO JI0Ka3aTb METOJOM Ma-
TEMaTUYECKOM HMHAYKIMH. OTO JIOKA3aTEIbCTBO MBI
OIlyCKaeM. 3aMeTUM TOJbKO, YTO (opMyJia CIpaBe]l-
JUBa W JJISI TPOCTPAHCTBEHHBIX MHOTOTPAHHHUKOB.
[Iycts Bce msaTh BepmuH Tpada COCAMHEHBI IPYT C
apyrom. 3amedaem, 4Tto Ha rpade HeT HU OJHOU Ipa-
HU, OTPAaHUYEHHOW TOJIBKO JIByMs peOpamu. Ecim de-
pe3 ¢; 0003HAUUTh YUCIO TAaKUX rpaHei, To ¢, = 0.
Jlanee paccyaaemM OT MPOTHUBHOTO, & UMEHHO: MPEJI-
MOJIOXKUM, UTO UCCieyeMbli rpad mIocKkuil. ITo 3Ha-
YUT, YTO AJisi Hero BepHa ¢opmyna Ditnepa. Ywucio
BEpIINH B JaHHOM Tpade B = 5, uucno pedep P = 10,
TOT'/Ia YKCIIO TPaHEH

I'=2-B+P=2-5+10="7.
OTO YHCIIO MOYKHO IPEICTABUTH B BUAE CYMMBI:
I'=spto,+ps3+...,
IZie (3 — YUCIIO TpaHel, orpaHMYEHHBIX TpeMs pedpa-
MU, ¢4 — YUCIO TpaHEW, OTrpaHUUYEHHBIX YEThIPbMS
pebpamu u T. 1.

C napyroil cTOpOHBI, Kaxaoe peOpo sBIsETCA
rpaHULIENl ABYX TIpaHEW, a MOITOMY YHUCIO TIpaHe
paBHO 2P, B TO K€ BpeMs
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2P=20=3p;+4¢,+....

YMHOXUB paBEHCTBO
I'="7=p;+ s+ s+ ...
Ha TPH, NOJIYIUM
3r=21=3(p; t o, +@s+ ..).
SIcHo, uTO
(33 + 394t 3¢5 +...) <(Bpstdp,t Spst...)

unu 31" < 2P, Ho 1o ycnosuto, 2P =20, a 3/'=21; no-
ATOMY BBIBOJ, INOJYYEHHBId IMpPU BBEICHHOM HaMU
peanoioxkeHun (rpad MIOCKUiA), MPOTUBOPEUHUT yC-
aoBuro. OTCrOJa 3aKIIF0YAaeM, YTO MOJHBIA Ipad ¢ ms-
ThIO BEPIIMHAMHU HE SIBJISETCS TUIOCKUM. [ ]

Teopema 2.11. (Teopema Iourpsiruna-Kypartosckoro)
I'pad sBIsIETCS TUIOCKUM TOT/IA ¥ TOJBKO TOT/Ia, KOT/1a
OH HE UMeEeT B KadecTBe mojarpada moaHoro rpada c
MATHIO BEPIITHHAMH.

Teopema 2.12. Ilycte G — Heoprpad 6e3 meTenb,
UMEIONINA X0Ts Obl 0HO pedpo. Torma criemyromye
yCJIOBUSI SKBUBAJICHTHBI:

1) G — Guxpomatuueckuii rpad;

2) G — nBy10JIbHBIN Tpad;

3) G He COJIepKUT LUKIOB HEYETHOM JJIUHBI.
CaencrBue: Eciu G — nec, To /p (G) © 2.

Onennm xpomatudeckoe guciio rpada G yepes
ero napamerpbl. O6o3naunM yepe3 deg (G) Makcu-
MaJIbHYIO CTEeTICHb BepIuH rpada G.
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ONTUMAJIBHBIM, TaK KaK Kaa0e peOpo MpOXOAUTCS
10 O/IVH pa3 ¥ BEC 3TOr0 LIMKJIA PABEH TOTJA!

Z’ic(aj)

CdopmynupoBaHHas BbIIIC 3aj1adya 2) Ha3bIBa-
eTcsl 3adauell KUMaucKo20 NOYmaibOHA, U €€ pelie-
HHUE UMEET MHOTO MOTECHIMAJIbHBIX MPUIOKEHUM, KaK
Harpumep:

a) Coop mycopa. PaccmotrpuMm mpobiemy cbopa Jo-
MaIHero mycopa. Jlomyctum, 4To OnpeaeacHHbIN
paiioH ropoaa oOCIyKUBaeTCAd €IUHCTBEHHOW Ma-
mHoi. Pebpa rpada G mpeacTaBisioT AOPOTrH, a
BEPUIMHBI — IIepecedeHus aopor. Bemuuna c (a;) —
Bec pedpa — OyJIeT COOTBETCTBOBATH JIMHE JJOPOTH.
Tornma npoGiema cobopa Mycopa B JJaHHOM paiioHe
CBOJIMTCSI K HAaXOXKJIEHUIO LUKIa B rpade G, mpo-
XOJISIIEr0 M0 KaxkaoMy pedpy G mo KpaitHei mepe
onuH pa3. TpeOyeTcss HaWTU LMK C HAUMEHbBIIUM
KUJIOMETPAKEM.

b) /locmaska monoxa uiu noumol. Eme naBe 3amgaum,
Korja TpeOyeTcsl ONpeaeauTh MapIIpyT, MPOXOIs-
UK XOTS OBl OJIMH Pa3 MO KaXXI0H W3 YJIHII, BO3-
HUKAIOT MPU JOCTABKE MOJIOKA WU MOYTHI. 3]1€Ch
3a7a4ya COCTOMT B HAaXOXJICHUU MapuIpyTa, MUHH-
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BCerja BO3MOXHO Ha Kaxxaom mare. (Eciau v = u, To
JI0KA3aTebCTBO HE MEHSETCA, €CIU MUMEITCA peodpa,
uHIUJIeHTHBIE u). [lokaxkem, 4TO JaHHasl mpoleaypa
MPUBOJIUT K diepoBy myTu. JleictButenbHO, B G HE
MOKET OBITh pedep, OCTaBIIMXCS HE NMPOUCHHBIMH T0-
CJIe MCHOJIb30BAHUS MOCIEAHEr0 pedpa, WHIMIECHTHOIO
U, TIOCKOJIbKY B TPOTHBHOM CJy4ae yJaJieHue peopa,
CMEXHOTO OJTHOMY M3 OCTaBIIMXCS, TIPUBEIO OBl K HE-
CBSI3HOMY Tpady, 4TO IPOTHBOPEUHUT YCIOBHIO 2).

3.4. HexoTopblie poaACTBEHHBIE 32124

Cpazy ke yKaxXeM psii BOIPOCOB, CBSI3AHHBIX C
TEeM, UMEETCS I B HEOPUEHTUPOBAHHOM Trpade ditie-
poB nuki. Hampumep:

1)KakoBo HavMeHbllIee YUCIIO ENel Wiu [UKIOB He-
00X0IMMOe JUTsl TOTO, 9TOOBI Kaxkaoe pedpo rpada
G conepKanoch TOYHO B OJJHOM IIENMU WU B OJJHOM
nukie? OdeBUIHO, 4TO ecii G HUMEET HHIEepoB
LUK WIN SUJIEPOBY 1IETb, TO OTBETOM OYIET YHCIIO
OJIVH.

2)Pebpam rpacda G npunucaHbl NOJOXKHUTEIbHBIE Be-
ca. TpeOyercss HaWTU LUKJ, TPOXOIALIUNA Uepes
Kaxjoe pebpo rpada G no kpatineii mepe 00uH pas
U TaKo#, 4yTo JyUIsl HEro OOIIM Bec (2 UMEHHO CyM-
Ma BEeIWYMH #;c (a;), TOE YHUCIO 7; MOKa3bIBacT,
CKOJIBKO Pa3 MPOXOAMIIOCH pedpo a;, a ¢ (a;) — Bec
pebpa) munumaned. OueBusiHO, uTo ecnu G copep-
KUT DIJIEPOB IUKI, TO JIOOON TakoW IUKI Oyner
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Teopema 2.13. Jlns mro6oro Heoprpada G 6€3 netenb
BBIMTOJTHACTCST HepaBeHCTBO /P (G) © deg (G) + 1.

3. JiluiepoBbI HUKJIBI
3.1. OcHOBHBbIC OHATHSA U OIPeAeICHUA

Janum cTporoe onpeneneHue 3MUIepoBy LUKITY
U JiinepoBy rpady.
Onpenenenue 3.1. Eciu rpad umeet ki (He o6s13a-
TEJIBLHO MPOCTOM), coaeprKaiuii Bce pedpa rpada mo
OJIHOMY pa3y, TO TaKOW LUKJI HA3bIBAETCS IULIEPOBbIM
yuxiom, a rpad Ha3bIBACTCS UIEPOBLIM 2PAGDHOM.
Onpenenenue 3.2. Eciu rpad umeer nens (He 00s3a-
TEIBHO MPOCTYIO), COJEPIKAILYI0 BCE BEPUIMHBI IO
OJIHOMY pa3y, TO Takas ILIelb HAa3bIBAETCS IILIEPOBOI
yenvio, a Tpad HA3BIBACTCS NOJIYIUIEPOBHIM 2PAGDOM.

SIcHO, 4TO 3MIEPOB LUKII COAEPKUT HE TOJIBKO
BCe pebpa 1o 0JIHOMY pa3y, HO ¥ BCE BEpIIMHBI rpada
(BO3MOKHO, MO HECKOJIbKO pa3). OueBUIHO TaKXKe,
YTO SUIEPOBBIM MOXKET OBITh TOJBKO CBS3HBIN Tpad.

Bribepem B kauecTBe BepIIMH rpada Oepera pe-
KH, a B Ka4ecTBE pedep — MOCTBI, UX COEAUHSIOLIHUE.
[Tocne sToro 3agaya CTaHOBUTCS OYEBUIHOM: TpeOO-
BaHHME HEOCYIIECTBUMO — YTOOBI €ro BHIMIOJIHUTh, YUC-
JO IyT, OPUXOJAIIMX K KaXJ0W BepIIMHE, JOJHKHO
ObITH YeTHBIM. B camMoM jielie, MOCKOJIbKY 10 OJTHOMY
MOCTY HEJIb3sl MPOXOJIUThH JIBAXKIbI, KaKIOMY BXOIY
Ha Oeper I0KEeH COOTBETCTBOBAThH BBIXO/I.
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3.2. Kpurtepuii cyuniecTBOBaAHUA IJIePOBA HUKJIA

Uto HEoO6Xx01uMO, yTOOBI B rpad)e CyIlecTBOBa
siiepoB mukiA? Bo-nepBriX, rpad H0MKEH OBITH CBA-
3aHHBIM: JIJIA JIFOOBIX JBYX BEPIIMH JOJHKEH CYIIECT-
BOBaTh IYTh, UX COCIUHSIOMMUNA. BO-BTOPBIX, IS He-
OPUEHTHPOBAHHBIX TpadoB yuCIO pedep B Kaxmoil
BEpIIMHE JOJKHO OBITh YeTHBIM. Ha camom aerne 3to-
r'0 OKa3bIBACTCS JTOCTATOYHO.

Teopema 3.1. UToOBI B CBSI3aHHOM HEOPUEHTHUPOBAH-
HOM rpade G CylIecTBOBaJ SUIIEPOB IMKJ, HEOOXO-
JUMO M JIOCTaTOYHO, YTOOBI YMCJIO BEPIIUH HEUCTHOU
CTEICHH OBLIO YETHBIM.

Jloxazamenbcmeo.

Heobxooumocmo. JIr0O0W 3ilIepoB LUK J10J]-
KEH MPUUTH B BEPUIMHY MO OJHOMY peOpy M MOKHU-
HYTh €€ 10 JAPYroMy, Tak Kak J1to0oe pedpo ITOIKHO
UCIIOJIb30BAaThCS POBHO oAuH pa3. [losromy, eciim G
COAEPKUT SMIEPOB LHUKJ, TO CTENEHU BEPUIMH JOJIK-
HBI OBITH YETHBIMH.

Jlocmamounocmo. Ilyctb G — CBSI3HBINM HEOPHU-
€HTUPOBaHHBINA rpad), BCe BEPIIMHBI KOTOPOTO UMEIOT
YETHYIO CTeNeHb. HauHem myTh U3 HEKOTOPOM MPOU3-
BOJIbHOM BEPIIMHBI X( U MOKJEM IO HEKOTOPOMY pa-
HEe HEe HCIIOJb30BaHHOMY peOpy K CIeAyroIel Bep-
IIMHE, U TaK J0 T€X MOp, MOKAa HE BEPHEMCS B BEPIIHU-
HY Xo 1 HE 3aMKHeM IuKI. Eciou Bce pedpa okaxyTcs
WCMOJIb30BaHHBIMHM, TO HYXHBIA SUJIEPOB LUK MO-
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[IpuBeneM Ttenepp cTporoe 0OOCHOBAHHUE KOP-
peKTHOCTH anroputMma Prué€pu MOCTPOECHUS SUIIEPOBO-
ro IMKJIa B JAaHHOM SUJIEpOBOM Tpade.

Teopema 3.2. Ilycts G (V, E) — stinepoB rpad. Toraa
cieayroomias mpoueaypa BCEraa BO3MOXKHA U IPUBO-
JUT K MOCTPOEHUIO diiiepoBa nukia rpada G (V, E).

Brixoas U3 npou3BOJIBHOW BEPUIMHBI, UIAEM IO
pebpam Tpada TPOM3BOJIBHBIM 00pa3oM, COOIOIAs
IIPU 3TOM CJIEIYIOIIHNE MPaBUIA;

1) CtupaeM pebpa 1o Mepe HUX MPOXOKICHHUS
(BMecTe ¢ M30JIMPOBAHHBIMU BEPUIMHAMH, KOTO-
phI€ U 3TOM 00pa3yIoTCs);

2) Ha kaxaom 1mare ujaem 1o MOCTy TOJBKO B TOM
ciydae, KOorjia HEeT JPYTUX BO3MOKHOCTEH.
Jloxkazamenbcmeo.

YO6enuMcs cHauana, 4YTO yKazaHHas Mpoleaypa
MOKET OBITh BBITIOJTHEHA HA KaXK10M dTane. [IycTs Mbl
JOCTHUTJIM HEKOTOPOU BEPIIMHBI V, HAYaB C BEPIIUHBI
u, v # u. Ynamus pebpa myTH u3 v B u, BUJTUM, UYTO OC-
TaBiuiics rpad Gy CBSI3€H U COJIEPKUT POBHO JIBE HE-
YETHBIX BEpIIUHBI Vv U u. COrinacHo CIEICTBUIO 2 U3
Teopembl 1 rpad G, umeer 3itniepoB myTh P U3 v B u.
[TockonbKy ynajieHue mepBoro pedpa WHIUIESHTHOTO
u nytu P nmubo He Hapymaer cBsizHoctu Gy, TMOO
MPOUCXOJIUT YJAJ€HUE BEPIIMHBI % WU OCTaBIIUICSA
rpad G, CBsI3eH C IBYMsI HCUCTHBIMHU BEPIIMHAMH, TO
OTCIOJIa TOJTy4aeM, YTO OMTMCAHHOE BBIIIE MTOCTPOCHUE
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2. ITycth w — BepIHa, B KOTOPYIO MBI MIPUIILTH B pe-
3yJbTaTe BBIMOJHEHUS | miara anroputMa M kK — HO-
Mep, PUCBOCHHBIN OYepeHOMY peOpy Ha ATOM IIiare.
Bribupaem npousBoiibHOE peOpO MHIMIESHTHOE BEP-
IIMHE W, TIPUYEM MOCT BBIOMpAaEeM TOJIBKO B KpaiiHEM
cilydae, €clu JPYTHX BO3MOXHOCTEH BBIOOpa pebpa
He cymiecTByeT. [IpucBauBaem peOpy Homep k£ + 1 u
BbIYEepKHBaeM ero. [Ipomecc mmrest 10 TeX mop, moka
Bce pebpa He BHIYEPKHYT.

IIpumeuanue: Moctom Ha3biBaeTcs pedpo (puc. 3.1),

|
G a7 3 Mz 4
Puc. 3.1.

yAaJIEHHEe KOTOPOro JIMIIAET JaHHBIN rpad) CBSI3HOCTH,
T.€. YBEJIIMYMBAET YUCIIO KOMIIOHEHT CBSA3HOCTH.
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cTpoeH. Ecnu sxe HekoTopble pedpa He UCTIOJIb30BaHBI,
TO IYyCTb @ — TOJIBKO YTO MOCTPOCHHBIM LUKI. Tak
KaK rpad G cBsI3eH, TO MUK @ JOHKEH MPOXOAUTH
4yepe3 HEKOTOPYIO BEPIIUHY, CKAXKEM X;, SIBIIAIOLIYIOCS
KOHEUHOM BEPIIMHON KaKOro-J1mbo 10 CUX IMOp HE HC-
MOJIb30BaHHOTO pebpa. Ecim ynmamute Bce peopa,
npuHaanexamnue @, To B ocraBiieMmcs Tpade Bce
BEPIIMHBI TMO-TIPEKHEMY OYyIyT MMETh YETHYIO CTe-
IIeHb, TaK KaK B MUKJIEe @ JOJDKHO OBITh YETHOE YHCIIO
pebep (0 sBaseTCS YETHBIM YHCIIOM), WHIIMACHTHBIX
Ka)J0M BEPILHHE.

Hauunasa teneps ¢ x;, nomyyaeM nuki @', Ha-
YAHAIOUIMNCA U OKaHYMBAKOIIMKCS B X;. Eciu Bce oc-
TaBIKeCs paHee pedpa UCIOIb30BaHBI IS ITUKIA D
TO Tpolecc OKOH4YeH. HyXHbII 3iliIepoB LHUKI OyleT
00pa3oBaH 4acThio IUKIAa @ OT BEPIIMHBI Xy J0 X;, 3a-
TeM LMKIOM @' W, HAKOHEI, 4YacThlo LHKIA @ OT
BEPILIMHBI X; 10 Xo. ECIM ke BCe ellle OCTaIUCh HEUC-
I0JIb30BaHHBIE pedpa, TO 00bEIMHECHUE TTOCTPOCHHBIX
BBINIE MUKJIOB @ U @' naet HOBEIN UK @. MBI cHOBa
MOYKEM HAaWTH BEPLIUHY X;, IPUHAIJIEKAIIYIO UKy U
SIBIIAIOLIYIOCS KOHLIEBOW BEPIIMHOW HEKOTOPOTO HeE-
UCIIOJIb30BAaHHOTO pedpa. 3aTeM MbI MOXKEM IPHUCTY-
MUTh K MTOCTPOCHUIO HOBOI'O LMKJIAa @', HAUMHABIIIETO-
s B Xj, M TaK JI0 T€X IOp, IIOKAa HE OyyT HCHOJIb30BaA-
Hbl Bce peOpa W He OyneT MOdy4yeH TakuM oO0pa3om
SUIEPOB IUKI @D. DTO TOKA3BIBAET TEOPEMY. ||
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XO0Tsl J0Ka3aTeabCTBO MPOBEICHO MJisi HEOpHU-
E€HTUPOBAHHBIX Ipad)oB, OHO Cpa3y IMEPEHOCUTCS Ha
OpUEHTHUPOBAHHBIE, TOJIBKO TPEOOBaHNWE YETHOCTH 3a-
MEHSETCS] TENEeph HAa TAKOE: YMCIO BXOASIIUX B KaxK-
IYI0 BEpIIMHY pebep JOHKHO ObITh PABHO YHUCIY BBI-
XOJSIIHX.

CaencrBue 1. [{ns cBs3Horo 3itneposa rpada G MHO-
KECTBO pedep MOKHO pa3OUTh Ha MPOCTHIE ITUKIIBI.
Caeacrue 2. J{ns Toro 4ro0s! cBsi3HbI rpad G mno-
KpBIBAJICA €IMHCTBEHHOW SUJIEPOBO IIeMbl0, HE00XO-
JTUMO M JIOCTaTOYHO, YTOOBI OH COJEpKall POBHO 2
BEPLIMHBI C HEYETHOM CTENeHblo. Toraa mnenp Hayu-
HAeTCd B OJIHOM M3 3THX BEPUIMH U 3aKAHYMBACTCS B
IPYTOW.
3.3. AIropuT™Mbl MOCTPOECHHUA JIEPOBA HUKJIA

Briie 611 ycranoBieH 3 ¢heKTUBHBIN CITOCOO
IPOBEPKH HaJIW4uMsl diiepoBa 1ukia B rpade. s
ATOr0 JOCTATOYHO YOEIUTHCS, YTO CTEMEHH BCEX
BEpIIMH 4YeTHbIE. lIpennoKeHHblli B J10Ka3aTEIbCTBE
AJTOPUTM JIMHEEH, T.C. YUCJIO JCUCTBUU MPSIMO MPO-
MOPIIMOHAIBHO YHCITy pebep.

Aneopumm nocmpoeHus 3neposa Yuria
8 31L1eposom epaghe
Bxoo: DitnepoB rpad G (V, E), 3aganubiii MaTpuiei
CMEXHOCTHU. JlJ11 mpocTOThl ykKaxkeMm, uto [ [v] —
MHOKECTBO BEPIIINH, CMEXHBIX C BEPIIHHOMN V.
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Obocnosanue ancopumma: [IpuHIUN TEHCTBUS 3TOTO
aITOpUTMa 3aKJIoYaeTcss B cieayronieM. Haumnas c
IIPOU3BOJIBHON BEPITUHBI, CTPOWM TYTh, YA peOpa
U 3allOMHUHAasl BEPIIUHBI B CTEKe, O TeX MOp, TMOKa
MHO>KECTBO CMEXKHOCTU OYEPEeIHOW BEpIIUHBI HE
OKaXETCs MyCThIM, YTO O3HAYAET, YTO MYTh YJJIMHUTH
HENb34. 3aMETUM, YTO TPHU ATOM MBI ¢ HEOOXOIUMO-
CTBIO NPHUJIEM B Ty BEPIIMHY, ¢ KOTOPOW Hayainu. B
IPOTUBHOM CJIy4yae 3TO O3HA4aJIo Obl, YTO BEpPIIUHA V
UMEET HEUYETHYIO CTENeHb, YTO HEBO3MOXKHO IO YCJIO-
But0. TakuMm 0Opaszom, u3 rpada ObLIN yaaneHbl pedpa
[IUKJIa, a BEPIIMHBI IIUKJIa ObLIM COXPAHEHBI B CTEKE S.
3aMeTuM, 94TO TPH STOM CTEIEHU BCEX BEPIIMH OCTa-
JUCh YeTHBIMU. Jlanee BepIuHa v BEIBOAUTCS B Kade-
CTBE TEPBOW BEPUIMHBI dWJIEpOBa LUK, a MPOIECC
MIPOJOJKAETCS, HAYMHAS C BEPIIUHBI, CTOSIICH Ha
BEpIIMHE CTEKa.

[IpuBeneM eme OAMH AITOPUTM TOCTPOCHUS
silIepoBa LHKJIA B isIepoBOM Trpade — 3To Aneopumm
@népu, OH TO3BOJISIET MPOHYMEPOBaTh pedpa MCXOo-
HOTO Tpada Tak, 4ToObl HOMEDP pedpa yKa3bIBajd KaKuM
10 CYETY 3TO peOpO BOUICT IMIEPOB UK.

Aneopumm Dnépu

1. Hauunas ¢ mro060¥ BEepIIMHBI v, IPUCBAaUBaeM pPeOpy
vu Homep 1. BeruepkuBaem 310 peOpo M3 CrImcKa pe-
Oep ¥ Mepexo UM K BEPIITHHE 1.

89



